AM 213B Prof. Daniele Venturi

Numerical methods for the heat equation

Consider the following initial-boundary value problem (IBVP) for the one-dimensional heat equation
v _ U
ot Ox?
U(0,t) = go(t)

(U(L,t) = gL(t)

+ q(x) t>0 x € [0,L]

where ¢(x) is the internal heat generation and « the thermal diffusivity.

The IBVP (1) describes the propagation of temperature in a one-dimensional slab of width L initially
at temperature Up(z) with Dirichlet boundary conditions U(0,t) = go(t) and U(L,t) = gr(t). You have
learned in AM 212A that it is possible to compute the analytical solution of the problem (1) using many
different techniques. For example, if we set ¢(x) = 0, and go(t) = gr(t) = 0 then it is easy to show
that

2 o k L km
U(z,t) = I kzleakQWQt/LQ sin <£Tx> /0 Up(z) sin < 7 ) dx, (2)
where sin(kmz/L) are eigenfunctions of the eigenvalue problem (see [1, p. 48])
d’X
0 gx@ =0, X©=0, X(5)=0 )

with eigenvalues ), = k272 /L2.

e Energy decay: It is straightforward to show that in the case of no heat generation and zero Dirichlet
boundary conditions the L?([0, L]) norm of the solution to (1) i.e.,

L
0100 = | Vw02 (4)

decays monotonically to zero as time increases. This can be seen directly from the analytical solution
(2). Alternatively, we can derive an evolution equation for (4) and solve it. To this end, let us
multiply the heat equation by U(z,t) and integrate it over the spatial domain [0, L]. This yields

L L 2
ou(z,t) , 07U (z,t)
/0 UGy = o /0 UGt e (5)
By integrating by parts and recalling (4) we obtain
d o L rou\? U=t
SO0 = =2 | (&E> w20 UG ©)
=0
.
At this point we use the Poincaré inequality!
U ||?
121 s Wl = - < —C 0oy U
L2([0,L])

1The Poincaré inequality holds for all differentiable functions u with zero boundary conditions.
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to obtain
d _
7 U200 + 20 U220y SO = U220,y < 10001220, € 2> (8)

Hence the “energy” of the solution, i.e., the L? norm (4) decays to zero as t — oo.

Finite-difference approximation

To solve the IBVP (1) with finite differences, let us consider the following an evenly-spaced grid in [0, L],
i.e.,

B L
N +1

On this grid, we approximate the second derivative in (1) by using, e.g., the second-order finite difference
formula

xrj = jAx Ax j=0,....,N+1. (9)

0?U (x,t) U@, t) = 2U (), ) + U(zj41, 1)

~ i=1,...,N. 10
Ox? — Az? J (10)
A substitution of (10) into (1) yields the so-called semi-discrete form?
(du; i—1(t) — 2u, (¢ ir1(t
ﬂ:au] 1() UJ()+UJ+1()+Q(J)]) ]:1>7N

dt Ax?
u;(0) = Up(x;) j=1,...,N

uo(t) = go(t)

un+1(t) = gr(t)

(11)

where u;(t) represents an approximation of the exact solution U(z;,t), i.e., the exact solution evaluated
at the grid point x;. The system (11) can be written in a matrix-vector form as

d
d—? — aD2 u+ h(t) 12)
u(O) = U()
where?
-2 1 0 0 0 [ ug ] [ q(z1) + ago(t)/Az? ]
1 -2 1 0 0 U q(z2)
0 1 -2 1 0 us3 q(x3)
1 : .
DgD_A:EQ > u= ) h(t):
: 1 -2 1 UN-1 q(zn—1)
0 - o o0 1 =2 | un | Lq(zn) + agr(t)/Ax?

(13)

2The system (11) is called “semi-discrete” form of the IBVP (1) because we discretized only the dependence of the solution
on the spatial variable z. If, in addition, we discretize (10) time using a time-stepping scheme then we obtain the so-called
“fully discrete form” of the IBVP (1). The semi-discrete form (10) is also known as method of lines (MOL). The reason for
such a definition is that the finite-difference solution of the heat equation is computed by solving a finite-dimensional system
of ODEs, each one of which represents the dynamics of U(z,t) at a particular grid point x;. This corresponds to a “line”
emanating from U(z;,0).

3Recall that the differentiation matrix D[, corresponding to the second-order finite difference discretization is tridiagonal
and negative definite.
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Figure 1: Finite-difference stencil corresponding to the forward-in-time centered-in-space discretization
(17). We sketch the coupling of the system as we march forward in time by a few time steps.

In this way, we reduced the IBVP (1) to an initial value problem for a linear ODE, i.e., equation (12).
Such an initial value problem can be solved using any time-stepping method we studied for initial value
problems. For example, if we use the Euler forward scheme we obtain the fully discrete form

uftl = uf ozAtD}%Duk + Ath(ty), (14)

where
u® = u(ty). (15)

On the other hand, if we use the two-step Adams-Bashforth method we obtain

At
ubt? = ag {3 (D%Duk“ + hk+1> B (DEDUk + hkﬂ ' (16)

Remark: Clearly, one could use higher-order finite-difference formulas to approximate the second-order
derivative 92U (x,t)/0z%. This yields other differentiation matrices, and requires some care when handling
boundary conditions.

Local truncation error. The local truncation error (LTE) of a finite difference scheme is the residual
arising when we ideally insert the exact solution to the problem into the fully discrete form. For illustration
purposes let us compute the local truncation error of the so-called “centered in space forward in time”
finite-difference scheme (see Figure 1)

RV

u; u

ok o ok
j N Ry B/ s

At Ax? ’ (17)

where u{c is an approximation of U(xj, ). By plugging in the ezact solution U(x,t) into (17) we obtain

the LTE
U(xjatk-i-l) — U(:Uj,tk) U(:L'jfl, tk) — 2U(l’j,tk) + U(:L'jJrl, tk)

T(xj,tK) = A7 —« No? . (18)

Let us define U]'-€ = U(zj,t) and expand
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in Taylor series in Az and At. This yields

urtt—uk oUr A2 0°UF oUr At 0*UF
J J o = At J + J ... = J + — J (20)
At At ot 2 0t? ot 2 0t?
Similarly,
k k k k 277k 377k 4rrk
Ax? Ax? oz 2 0x2? 6 Ox3 24 Ozt
oUF  Az20UF A3 OPUF Azt 0'UF
Ar—3 4 + +
Oz 2 Ox2? 6 Ox3 24 Ozt
PUE Az U
il et (21)
D2 12 Ox*
Substituting (20)-(21) into (18), and using the PDE (1) yields
. our  9UF AtO*UF A2 0'UF
T = e Yy e T Y1 o
——— —
=0
At A2\ 09U
—<0‘2‘12>0‘ax4 o (22)
where we replaced 92U Jk /0t? with o20*U Jk /Oz*. This follows from the identity
U FU_aut_ @ (0N _ 0 )
ot Ox? o2 “oxz\ot) 0t

The local truncation error goes to zero linearly in At and quadratically in Az. Therefore the “centered in
space forward in time” scheme (17) is consistent with order one in At and with order two in Az.

By following exactly the same steps it is possible to derive an expression for the local truncation error of
finite-difference schemes involving different spatial and temporal discretizations. For example, we could
have used a stencil with 5 points in space and the BDF3 method in time.

Absolute stability analysis. Consider the IBVP (1) with ¢(z) = 0 and zero Dirichlet boundary condi-
tions. The second-order finite-differences discretization of such problem is given by the system (12) with
h(t) =0, i.e.,

du

== — aD?

at Y (24)

u(0) = Uy

Recall that the matrix D2, is negative definite with simple (real) eigenvalues

Ak cos(kmAz) — 1) k=1,...,N (25)

2
=22
Since A < 0 we have that the linear dynamical system (24) has a globally attracting stable node at the
origin w = 0. For small Az (i.e., large number of spatial points) we obtain

A (1-;]627(2A.’IJ2+"'_1) k:LvN (26)

o2
k= A2
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Figure 2: Absolute stability analysis of second-order finite-differences to solve the heat equation (1) with
g(x) = 0 and zero Dirichlet boundary conditions. Shown are the smallest and largest eigenvalues of
the second-order differentiation matrix defined in (13) and the region of absolute stability of the Euler
forward method. The fully discrete form of the heat equation (30) is absolutely stable if and only if
At < 2Az%/(an®L?).

Therefore, the smallest and largest eigenvalues of the matrix D2, for sufficiently small Az are*
L2 ( N \* w2
Amin =AL Y ———5 (v | ¥ 3 (28)
Az? \ N +1 Ax
Amax =A1 = —72. (29)

These equations show that as we increase the number of points in [0, L] the system (24) becomes stiffer

and stiffer, since there Apin — —00 and Amax =~ —72.

e Euler forward time integration: If we integrate the system (24) in time with the Euler Forward
scheme we obtain the fully discrete scheme

ubt = uk + aAtD? uF, (30)

where we denoted by u¥ = wu(t;). Clearly, the absolute stability condition for Euler forward is
satisfied if (see Figure 2)

2A 12 2

Amin@ At > —2 i.e. At < = 1
“ e am2l?  am?(N +1)2 (31)

This result holds for a large number of points, i.e., for small Az. For a small number of points we can
still compute the smallest eigenvalue with (25) and use exactly the same reasoning. The condition

2
P —
ALS N T (32)

clearly imposes severe restrictions on the largest time step we can use in (30). For instance, if
N = 2000 and @ = 1 we have

At < 5.061 x 1078, (33)
4Recall that I
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e Three-step Adams-Bashforth time integration (AB3): If we integrate the system (24) in time
with the three-step Adams-Bashforth method we obtain the fully discrete scheme

At

ubtd = uh 2 4 %DﬁD (23uk+2 — 16urt! 4 5uk) . (34)
As we know, the region of absolute stability of AB3 intersects the real axis at —6/11. If the number
of spatial points is large enough, then we obtain the absolute stability requirement

6Az2 6

At < =
~ 1lam2Ll?  1lam?(N +1)%’

(35)

which is even more restrictive than the condition (32) we obtained for the Euler-forward time inte-
grator.

e Crank-Nicolson time integration: If we discretize the system (24) in time using the Crank-
Nicolson method or any other A-stable time stepping scheme then we do not have any time step
restrictions. As is well-known the Crank-Nicolson method

At
ubtt =P 4 aTDgD (uk“ + uk) : (36)

can be conveniently written as

At At
(I - O‘QDED) uht! = (I + O‘2D§D> u”. (37)
The matrix At
K=1- O‘TDgD (38)

is symmetric and positive-definite®. Therefore we can perform a Cholesky decomposition K = RT R,
where R upper-triangular, in a pre-processing stage and write the system (37) as

At
RTRuM! = (I + O‘2D§D> u”. (39)

This system can be decomposed as a hierarchy of two triangular systems

alt

Rqu+1 _ (I + 2D§D> uk (lower triangular system)

Ruk+1 = gk+l (upper triangular system)

which can be solved by using forward/backward substitution at a cost of O(N?) operations.

Absolute stability analysis can be generalized to higher-order finite difference schemes and other time
integrators, e.g., RK or BDF methods.

Remark: The time step restrictions imposed by absolute stability requirement in explicit methods (e.g.,
(33)) have nothing to do with accuracy. In fact, it can be shown that the local truncation error of the
Crank Nicolson (CN) method (36) is second-order in time and second order in space. However, the CN
method does not suffer from absolute stability requirements (it is unconditionally stable). Hence we are
allowed to set any At we like. In particular, if we set At = 10™* we get a truncation error of the same
order as Euler forward with At = 10~® for the same spatial grid. Solving the linear system (40) once is
likely to be less expensive than performing 1000 time steps on a grid with N = 2000 spatial points.

For second-order finite differences the matrix K is actually tridiagonal. This means that it can be inverted at a linear
cost in N using Thomas’ algorithm [3, p. 93].
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Finite-difference methods for nonlinear PDEs. Consider the following initial-boundary value prob-
lem for a fourth-order nonlinear PDE (Kuramoto-Sivashinsky equation)

ouU oU 821] 0*U
- > —
ft+Uf 32—1—34 0 t>0 x €[-L,L]

U(z,0) = Up(z) (41)
Periodic B.C.

The Kuramoto-Sivashinsky equation models the diffusive instabilities in a laminar flame front. Its solution
can exhibit chaotic space-time dynamics. We discretize the IBVP with a second-order (in space) finite-
difference method. To this end, we first approximate the derivatives OU/dx, 0°U/dz?* and 0*U/0x* with
fourth-order centered finite formulas on the grid

2L
z;=jAz — L Aaczﬁ j=0,...,N. (42)

Upon definition of U;(t) = U(x;,t) such derivatives can be expressed as

OU(zj,t)  Ujra(t) — Uj-1(t)

~ 4
Oz 2Azx ’ (43)
U (2,) _Upa(t) — 205(8) + Uy (1) "
0z2 - Ax? ’
' (1) Uja(t) — 4U;j-1(t) + 6U;(t) — 4Uj41(t) + Ujs2(t) (45)
ozt o Azt '
A substitution of (43)-(45) into (41) yields the semi-discrete form
% _ u‘uj'_;,_l —Uj-1 Uil — QUj + Ujt1 _ Uj2 — 4’U,j_1 + GUj — 4Uj+1 + Uujyo (46)
dt T 2Ax Az? Azt ’
—_—

nonlinear term

for j =0,...,N — 1. Here u;(t) denotes the finite-difference approximation of the solution to (41). The
system (46) is supplemented with the periodic conditions

ujrn(t) = uj(t) for all j (47)
and with the initial condition
u;(0) = Up(z;) forall j=0,...,N—1. (48)

Note that the second-order discretization (46) involves stencils with different number of points, i.e., three
points for the first- and the second-order derivatives, and five points for the fourth-order derivative. The
system (46) can be discretized in time with any time-stepping, e.g., with the AB2 method.

Remark: The stability of the fully discrete scheme may depend on the PDE being discretized and on the
type of spatial and temporal discretization, in particular for hyperbolic IBVP problems.

Finite difference methods in two-dimensional spatial domains. Consider the following initial-
boundary value problem for the two-dimensional heat equation

o _ (U ou
ot ~ “\ 922 T ay2

U(l‘,y,O) = UO(:Bay) (:an) €
Periodic B.C.

>+q(x y)  t=20  (z,y) €
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Figure 3: (a) Sketch of the spatial domain for the IBVP (49). The boundary of the domain € is the union
between I'1, 'y, I's and I'y. The solution is assumed to be periodic in z and y. (b) Two-dimensional grid
and stencil (green cross) used to approximate the Laplacian V2U = Uy, + Uy,.

where ( is a spatial domain defined as the Cartesian product of two intervals [0, L1] and [0, Ls], i.e.,
Q= [0, 14] x [0, L], (50)
Periodic boundary conditions are set as

oU(0,y) _ OU(Ly,y)

U0,y) =U(L 51
( ) y) ( 1, y)7 o O ’ ( )
oU(x,0)  0U(z, Ls)
= L = . 2
We discretize €2 in terms of the dimensional grid (see Figure 3(b))
T = iAx A:z::% 1=0,...,N,
(a05) = N (53)
yp=jbdy Ay=-r j=0,....M

By using second-order (in space) centered finite differences, we approximate the partial derivatives 92U /0x?
and 02U /0y? at (z;,y;) as

O*U(zi,yj,t) Uic; —2Ui 5 + Ui

~ 4
Ox? Az? (54)
U (i, yj,t)  Uij1—2Uij + Uijn (55)
Ox? - Ay? ’
where we denoted by U; ;(t) = U(x;,y;,t). A substitution of (54)-(55) into (49) yields
dum-(t) N Ui—1,5 — QUZ',]' + Ui41,5 Us.5—1 — 2um— + Usg, 541
at Az? + Ay? +a(@i, ;). (56)
with boundary conditions
uiyn () = wij(t),  wijear(t) = uij(t), (57)
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and initial condition
u;,5(0) = Uo(zi, yj)- (58)

The system (56) can written in terms of differentiation matrices applied to the solution matrix u; ;(t).
Alternatively, we can reshape the solution matrix into a column vector and construct appropriate dif-
ferentiation matrices. The third option is to just write a function that takes in the matrix w;;(t) and
returns the right hand side of the system (56) at each time. This is usually the best option for practical
implementation, especially for nonlinear system, or systems with space-dependent coefficients.

Galerkin and collocation methods

In this section we briefly review Galerkin and collocation methods for the one-dimensional diffusion equation
with Dirichlet boundary conditions. To this end, consider the problem

U 98U

ot~ Yoz
U(ZE,O) = Uo(iﬁ)

+q(x) t>0 x €10, L]

U(07 t) =90

\U(La t) =JL

Galerkin method. To solve the IBVP with the Galerkin method, we consider the function space

0
V ={veL® such that 87” € L% w(0,t)=gy and v(L,t)=gs). (60)
x
where L? is the space of square integrable functions in Q = [0, L]. The function space V can be approxi-
mated by the finite-dimensional space

Vn = span{yo, ..., oN11} (61)

where () can be, e.g., Lagrange characteristic polynomials associated with a set of Gauss-Lobatto nodes
in [0, L], e.g., Gauss-Lobatto-Legendre nodes. Alternatively, o and ¢y41 can be linear boundary modes,
ie.,

X X

po(x) =1— 7 on+1(z) = I (62)

while ¢, can be eigenfunctions of a Sturm-Liouville problem with zero boundary conditions, i.e.,

ok(x) = sin (T.’E) , k=1,2,...,N, (63)
or shifted Chebyshev polynomials
2
or(x) =x(L — x)Tj—1 <Lx—1> , k=1,2,...,N. (64)

In any case, a representation of the solution U(z,t) in V takes the form

N

Un(x,1) = gowo() + gron1(z) + > ar(t)er(z). (65)
k=1

boundary modes
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Substituting (65) into (1) and projecting the resulting equation onto ¢;(z) (j =1,...,N) yields

N L L 32 L 32
day(t) d*po() d*on+1()
,;:1 7 /0 j(x)pp(x)dr = ago/o 122 wj(x)dr + agL/O a2 ©j(z)dx+

N

L d2 €T L L
ozkz:lak(t)/o ggg )tpj(:r)dx—i-/o Q(x)%(:t)dw—i-/o Ry (x)pj(z)dx. (66)

By integrating by parts the terms at the right hand side involving second derivatives and imposing that
the residual Ry (x) is orthogonal to the span of {¢1,...,¢n} (Galerkin method) we obtain

N N

day(t L .
ZMa‘kZZE) — —agoSo; — agrSn1; — > Sjrax(t) +/ ((@)pj()de  j=1,....N  (67)
k=1 k=1 0

where we defined

L
My, —/0 j(z)pp(x)dx (mass matrix), (68)
L
dpi(x)d
Sik = /0 cpch(a:) 90;;33) dx (stiffness matrix). (69)
The system (67) can be written as
Mdc;it) — _aSa+q, (70)

where

L
/ q(z)p1(r)dr — a(goSo1 + gr.S01)
0

L
/ q(x)on(z)dr — o (goSon + 9LSN+1.N)
Lo

If we use the interior modes (63) (basis functions) then the mass matrix and the stiffness matrix are both
diagonal matrices. In particular,

L w5

= *(5”' and Sij = o7, 5” (72)

This implies that the initial condition for the ODE (70) is

1

=
lkllz2

2

L L
a(0) | v@eraae = 7 [ thi@yenteds (73)

To study absolute stability of the Galerkin method, let us set ¢ = 0 in (70). In this way the solution
certainly decays to zero. By using the matrices (72), we rewrite the system (70) as

dag(t am?k?
dt( ) = — 72 ak(t). (74)

If we use the Euler forward time integration scheme is we obtain the absolute stability condition

2 212
At < —— =

A am?N?’ (75)
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This implies that as we add more and more modes the Galerkin system becomes stiffer and stiffer, which
result is a smaller and smaller At if we use an explicit method.

Collocation method. In the Gauss-Legendre-Lobatto collocation method [2, p.132] we seek solutions to

(59) in the form
N

Un(z,t) = ZUN(CUj7t)lj(95)v (76)
k=0
where [;(x) are the Lagrange characteristic polynomials corresponding to the Legendre-Gauss-Lobatto
quadrature points. A substitution of (76) into (59) yields

Uy DUy
e W +q(z) + Ry (z,1). (77)

By requiring that the residual Ry (z,t) vanish at the interior points yields the N — 1 equations

ClUN(l'j,t)

N
o :aZDJZ-kUN(xk,t)—i—q(xj) j=1,...,N—1. (78)

k=0

Here, D% is the second-order differentiation matrix corresponding to the Gauss-Legendre-Lobatto quadra-
ture points (see [2, §5.4.1]). We close the system by using the boundary conditions

UN(()?t) = 9o, UN(L’t) = 4gL- (79)

Of course, we can replace the Gauss-Legendre-Lobatto expansion with the Gauss-Chebyshev-Lobatto ex-
pansion described at the end of Chapter 7 of the course notes (see also [2, §5.4.2]). This yields easily
computable collocation points and differentiation matrices.
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