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Lorenz equations

In 1963 Ed Lorenz published a paper titled “Deterministic non-periodic flows” in the Journal of Atmo-
spheric Sciences in which he studied an idealization of a hydrodynamical system represented by a fluid
layer between two free surfaces. The system is sketched in Figure 1.
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Figure 1: Fluid layer between two free surfaces. The “free surface” boundary conditions are defined by
setting vertical component of the fluid velocity v, equal zero at z = 0 and z = H (Dirichlet boundary
conditions), and the derivative of the horizontal component with respect to the vertical axis dv,/Jz equal
to zero at z = 0 and z = H (Neumann boundary conditions). The free surfaces are kept at constant
temperature Tyt (bottom surface) and Teolq < Thot (top surface).

The equations of motion for this system are!
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where ¥(z, z,t) is the streamfunction that defines the fluid velocity components as

oY (z, z,t)
9z

_0¥(z, 2, 1)

ox 2)

vg(x, 2,t) = vy(z, 2,t) =
0(z, z,t) represents the deviation of the temperature distribution in the fluid layer from the pure thermal
conduction state, i.e.,

0(z,z,t) = Tz, 2,t) — (A;z> , (3)

AT = Thot — Teolq is the temperature difference between the isothermal horizonal fluid layers at z = 0 (hot)
and z = H (cold), H is the depth of the fluid layer, and g, 3, v and k are, respectively, the acceleration of
gravity, the isobaric compressibility, the kinematic viscosity, and the thermal diffusivity of the fluid. When
studying natural convection problems it is convenient to define the following dimensionless number

B gBH3AT

VK

Ra (Rayleigh number) (4)

which represents the relative importance between the effects of the buoyancy forces due to temperature
differences, and the effects of the viscosity forces.

!The model equations (1) are called Oberbeck-Boussinesq approximation of the natural convection problem. The first
equation in (1) is the Navier-Stokes equation written in a 2D streamfunction-vorticity formulation. The second equation is
the Fourier equation governing the the propagation of temperature within the fluid layer due to diffusion and transport by
the fluid velocity.
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Figure 2: One-roll convection patterns arising in the infinite fluid layer system sketched in Figure 1. The
convection patter is generated for Rayleigh numbers Ra slightly above the critical one Ra. = 657.5 (onset
of convective instability).

Intuitively, when the buoyancy forces exceed some threshold depending on thermal diffusivity and viscosity
the fluid then the system transitions from a state of pure thermal conduction to natural convection,
with an infinite number of one-roll patterns as shown in Figure 2. The critical Rayleigh number that
characterizes the transition point between thermal condition and natural convection is called onset of
convective instability. For the system sketched in Figure 1 the critical Rayleigh number can be computed

analytically as

2774
Ra, = 4” = 657.5. (5)

For Ra < Ra. the fluid does not move, while for Ra slightly above Ra. we have an infinite number of one-roll
convection patterns (see Figure 2). The system transitions from the no-flow state to the one-roll convection
pattern state via a supercritical pitchfork bifurcation. By expanding # and ¥ in (1) in a double Fourier series
as and projecting onto the Fourier basis it is possible to transform (1) into a finite-dimensional nonlinear
system of differential equations for the time-dependent functions (Fourier coefficients) representing the
coefficients of the expansion.

In certain cases, all except three Fourier coefficients eventually tend to zero, and those three modes undergo
irregular non-periodic fluctuations. Lorenz observed that the same solutions would have been obtained if
the Fourier series had at the start been truncated to include a total number of three terms. Accordingly,
he looked for time-dependent solutions of (1) in the form

U(z,2,t) =3kX () sin <\/7§er> sin (%z) , (6)
0z, 1) —Afjfac [\@Y(t) cos < \/ng> sin (7:2) — () sin (Zzﬂ , (1)

a

where X (), Y (t) and Z(t) are the Fourier coefficients (functions of time alone). By substituting (6)-(7)
into (1) and omitting trigonometric terms other that those occurring in (6)-(7) we obtain

X=—-0X+0Y
Y=rX-Y-XZ (Lorenz system) (8)
Z=XY -bZ

In ODE system above, the time derivative is with respect to the dimensionless time
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and the parameters r, o and b are defined as

r= fta (relative Rayleigh number)
Ra.
o=" (Prandtl number) (10)
K
8
b= -
3

The system of equations (6)-(8) represents a simplified solution to the natural convection equations (1).
In fact, with X (¢), Y(¢) and Z(t) available from (8) we can then reconstruct the velocity and temperature
fields within the fluid layer by using (6) and(7).

Properties of the Lorenz system. The Lorenz system is a three-dimensional nonlinear dynamical
system with quadratic polynomial non-linearities. Additionally, it possesses the following fundamental
properties.

e Symmetry. The transformation (X,Y) — (=X, —Y) leaves the system (8) invariant. This implies
that the phase portrait is symmetric with respect to the Z-axis. As a consequence, trajectories with
initial condition on Z-axis stay on the Z-axis for all times. This can be also seen by noting that the
initial condition (0,0, Zp) yields a trajectory described by the system X = 0, Y = 0, Z=—-bZ.

e Volume contraction. The volume of any compact region D(t) C R? advected by the flow of any
three dimensional system evolves in time as

:/ V. f(x)dx. (11)
D(t)
The divergence of vector field at the right hand side of the Lorenz system (8) is

3f1 Ofy  Ofs

VI =ox Ty Tz
0 0
8X( oX +oY)+ a—Y(rX Y -XZ)+ 67(XY —b7)
=—(c+b+1). (12)

Recalling that o and b are positive numbers we see that V - f < 0 at each point in phase space. By
substituting (12) into (11) we obtain

v _ = (o
= ( +b+1)/D(t) 1d (c+b+1)V(2), (13)
- V(t) = V(0)e (@HoHDE, (14)

Hence, the volume of any compact region advected by the flow generated by (8) shrinks to zero
exponentially fast in time, independently of where we pick the region, or its initial shape.
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Figure 3: Trajectories of the Lorenz system do not escape the ellipsoid (15) if @ is chosen large enough.

e Trajectories are bounded. Consider the ellipsoid
B(Q) ={(z,y,2) e R?:rz® + oy® + o(2 — 2r)* = Q}, (15)

where @ is a positive number representing how big the ellipsoid is?2. The outward normal to the
surface of the ellipsoid is (see Figure 3)

n = (2rz,20y,20(z — 2r)) (18)
and it coincides with the components of the gradient of
F(z,y,2)=rz®> + 0y’ +0(z —2r) — Q (19)

evaluated at the zero level set of F'. The tangent vector to an arbitrary trajectory intersecting the
surface of the ellipsoid (15) at a point (ze,Ye,2e) € E(Q) is given by the right hand side of (8)
evaluated at (e, Ye, 2¢), i.€.,

t= (_O'xe + OYe, TTe — Ye — TeZe, Tele — bze) . (20)

Taking the dot product between the outward normal vector (18) and the vector tangent to a trajectory
passing through an arbitrary point on the ellipsoid (15) yields

n -t =2rr.(—0xc + 0Ye) + 20Ye(TTe — Yo — Teze) + 20(2e — 21)(Teye — bze)
=—20 (m§ + 92 +b(ze — 1) — br2) . (21)

Clearly, if
m‘z + yg +b(ze — 1) > br?, (22)

2Note that the ellipsoid (15) is centered at (z,v,z) = (0,0, 2r) and it can be written as

z? > (z — 2r)?

Qr T T Al

=1. (16)

In this form we see that the semi-axes are

alz\/g, a2=\/§, a3:\/§. (17)
r (2 [
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Figure 4: Fixed points of the Lorenz system for r > 1.

then n -t < 0, i.e., the vector tangent to the trajectory intersecting the surface of the ellipsoid points
inward. Of course, if @ in (15) is sufficiently large, then all points on the surface of the ellipsoid
E(Q) will satisfy condition (22). This proves that the ellipsoid itself will serve as the boundary for
the trajectories corresponding to any initial condition on its surface or inside it.

Stability analysis of fixed points. The nullclines of (8) are

X=Y

Y=rX-XZ (23)
XY

Z =—
b

Substituting last equation into the second and taking the first into account yields

X3 X? X*=0
X—7rX4+—=0 = X(l—r—i—)—O = (24)
b b X* = +/b(r — 1)

By Substituting this back into (23) we obtain the following three fixed points:
(0,0,0) for all r (25)

and

ct = (i\/b(r “ 1), /b0 — 1), — 1) for r > 1. (26)

These fixed points shown in Figure 4 for » > 1. The stability of the fixed points is determined by the
eigenvalues of the Jacobian matrix

-0 o 0
Je( XY, Z)=|r—-2Z -1 =X (27)
Y X b

evaluated at (X*,Y*, Z*) = (0,0,0) and (X*,Y*, Z*) = C*.
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Figure 5: Stability analysis of the origin. Shown are eigenvalues of the Jacobian matrix (28) as a function
of r for b = 8/3 and o = 10. The origin undergoes a zero-eigenvalue bifurcation (supercritical pitchfork)
for r = 1.

e Stability analysis of the origin. Evaluating the Jacobian (27) at (X*, Y™, Z*) = (0,0,0) yields

-0 o 0
Jf(0,0,0) =lr -1 0 (28)
0 0 -b

The eigenvalues are the roots of the third-order characteristic polynomial
p(A) =det (Jg = A) = —=(b+ N [(c+ N1+ ) —r0a], (29)

i.e.,

—(c+1) £/ (c+1)2—4o(1—71)
5 :

It is easy to show that all eigenvalues are real® for each r (see Figure 5).

A2 = A3 = —b. (30)

Specifically,

a) For r < 1 we have that \j 23 < 0, i.e., the origin is a stable node. Such stable node is globally
attracting, i.e., it attracts all trajectories disregarding where the initial condition is.

b) For r =1 we have that Ag3 < 0, and A; = 0, i.e., the origin is a non-hyperbolic fixed point. For
r = 1 the Jacobian (28) has one zero eigenvalue, i.e., the system undergoes a zero-eigenvalue
bifurcation. Using normal form theory?® it can be shown that such bifurcation is a supercritical
pitchfork bifurcation representing the onset of convective instability of the fluid layer (note that
for r = 1 we have Ra = Ra, in (10)). Such bifurcation generates three fixed point for r > 1,
i.e., the origin (which becomes a 3D saddle node) and two stable nodes C*.

3Note that the smallest value of the quantity within the square root in A; 2 defined in (30) is positive. In fact, such value
is achieved for 7 = 0 and can be written as
(c+1)° —40=(c—1)°>0. (31)

4Note that Sotomayor’s Theorem is not informative in this case as the system (8) does not have a cubic nonlinearity. Hence,
all third-order derivatives of f; are identically zero.
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Eigenvalues at C*

15
or=1
|| or=135
10 O r=24.74
5 r =40

=
Z 00—

10t

-15 ‘ ‘ ‘
-15 -10 -5 0
Re())
Figure 6: Stability analysis of C*. Shown are eigenvalues of the Jacobian matrix (32) as a function of r
for b=8/3 and ¢ = 10. The fixed points C* undergo a subcritical Hopf bifurcation for r = 24.74.

c) For r > 1 we have that Ay 3 < 0, and A\; > 0, i.e., the origin is a three-dimensional saddle node
with two stable manifolds and one unstable manifold. The eigenvectors corresponding to Ay < 0
and Az > 0 lie in the (X,Y)-plane, while the eigenvector corresponding to A3 = —b < 0 lies on
the Z-axis.

e Stability analysis of C*. Evaluating the Jacobian (27) at (X*,Y*, Z*) = C¥ yields

—0 o 0
-1 F/b(r —1) (32)

1
+/0(r—1) +/b(r—1) —b

The eigenvalues of J f(Ci) are roots of the characteristic polynomial

Jj (CF) =

p(A) =det (Jg—A) =—(c+ X [(1+X)(b+A)+b(r—1)]+0o[(b+ ) —b(r—1)], (33)

i.e.,
M4 (0 +b+ 1A%+ (r + 0)bA + 2bo(r — 1) = 0. (34)

In Figure 6 we plot the eigenvalues of (32), i.e., the roots of (34), as a function of r. We see that
a) For 1 < r < 1.35 the fixed points C* are stable nodes.

b) For 1.35 < r < 24.74 the fixed points C* are still stable but there exist two complex conjugate
eigenvalues with negative real part. The real Jordan form of (32) allow us to identify a plane on
which the local dynamics around C* is equivalent to a stable spiral (see Figure 7 in the course
note 4).

c¢) For r = 24.74 both fixed points C* undergo a subcritical Hopf bifurcation. To identify the value
of r at which such Hopf bifurcation occurs we set A = wi in (34), i.e.,

—iw — (0 + b+ D)w? +i(r + o)bw + 2bo(r — 1) = 0. (35)

In other words, we look for the value of r that yields an imaginary eigenvalue. Setting the real
and the imaginary parts of the complex number at the left hand side of (35) equal to zero yields,
respectively,
2bo(r — 1)
2 2
= = b. 36
o+b+1’ “ (r+o) (36)
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Figure 7: Homoclinic butterfly for » = 13.92655741, ¢ = 10 and b = 8/3. For r > 13.92655741 a
complicated set is created at the origin of the system via a process called “homoclinic explosion”. This
process is described, e.g., in the book “The Lorenz Equations: Bifurcations, Chaos,and Strange Attractors”,
by Colin Sparrow (Springer 1984). The set arising form the homoclinic explosion can yield transient chaos
(see Figure 8).

By substituting w? from one equation into the other we obtain

c+b+3

et (37)

rH =0
This is the critical value of the relative Rayleigh number r at which the subcritical Hopf bifur-
cation occurs. For ¢ =10 and b = 8/3 (37) yields rg = 24.74 (see Figure 6).

d) For r > 24.74 the fixed points C* are unstable spirals in 3D, with a stable manifold of dimension
1 (we have a one-dimensional eigenspace corresponding to a negative eigenvalue).

Summary of the bifurcation analysis of equilibria. Let us provide a brief summary of our findings
related to the stability analysis of the fixed points as a function of the relative Rayleigh number r.

e For r < 1 there is only one fixed point at the origin (stable node) and it is globally attracting.

e For r =1 the origin is non-hyperbolic (but still a stable node). The origin undergoes a supercritical
pitchfork bifurcation, which yields two new fixed points C*.

e For 1 < r < ry the origin is unstable (3D saddle node with a one-dimensional unstable manifold)
while C* turn from stable nodes to 3D stable spirals. Such transition happens at 7 = 1.35 for o = 10

and b = 8/3. As r approaches rg from the left, two unstable limit cycles approach the stable spirals
at C*.

e For r = ry both fixed points C* undergo a subcritical Hopf bifurcation in which the unstable cycles
mentioned above are created and exist for r < ry. As we reduce r below ry, the two unstable
cycles become bigger and bigger and they eventually end up touching each other at the origin for
r* = 13.92655741, creating the so-called homoclinc butterfly shown in Figure 7. For r > r* a

complicated set is created at the origin via a bifurcation process called “homoclinic explosion”. This

process is described, e.g., in the book “The Lorenz Fquations: Bifurcations, Chaos, and Strange

Attractors”, by Colin Sparrow (Springer 1984). The set arising form the homoclinic explosion can

yield transient chaotic trajectories, as shown in Figure 8.
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Figure 8: Transient chaos for » = 20, 0 = 10 and b = 8/3. Note that for ¢ > 75 the trajectory is spiraling
towards C" and will eventually get there in an infinite time.

e For 7 > ry the fixed points C* are both three-dimensional unstable spirals. Both spirals have a
one-dimensional stable manifold.

Hence, for r > 7y there are no stable fixed points as both the origin and C* are unstable. However, we
have seen that volumes in the phase space shrinks to zero asymptotically fast in time. Moreover, there
exists an ellipsoid that behaves like a trapping region (positively invariant set).

The natural question at this point is: is what is attracting the trajectories entering the ellipsoid for r > rg?
Of course it cannot be any of the fixed points since they are all unstable. How about a stable isolated limit
cycle living within the ellipsoid?

Ruling out stable limit cycles. Lorenz came up with an ingenious heuristic approach to rule out the
existence of stable limit cycles within the ellipsoidal trapping region for r > rg. To this end, let us set
o =10 and b = 8/3. This set of parameters yields rg = 24.74. We choose r = 28, which is greater than rg
so that no stable fixed points exist, and plot one trajectory of the system corresponding to and arbitrary
initial condition for sufficiently long time. With such trajectory available we can identify the relative
maxima of the phase variable Z(t) (see Figure 9) Let us call such sequence of relative maxima

{2’1,2’2,23,...}. (38)
Next, look for a map f that takes in one relative maximum and it returns the next one, i.e.,
Znt1 = f(zn)- (39)

The map f is called Lorenz’s map and it is plotted in Figure 10 using simulation data shown in Figure 9.

Period-1 orbits: A period-1 orbit, i.e. a state in which the previous relative maximum is mapped
to itself, is identified by the condition

zt = f(z7), (40)

i.e., it is a fixed point of the Lorenz map (see Figure 10). Of course if such fixed point is stable then
Z(t) should eventually hit the basin of attraction of such point and settle to a period-1 orbit. To
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Figure 9: Trajectory of the Lorenz system (8) for » = 28, ¢ = 10 and b = 8/3. Shown is the phase variable
Z(t) and its maxima z,. A necessary condition for the system to settle on a stable periodic orbit is that
Z(t) repeats itself after some finite period of time.
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Figure 10: Lorenz’s map for r = 28, 0 = 10 and b = 8/3. Note that blue points are not exactly sitting on
a line but rather on an very thin set.

study stability of z* we investigate the dynamics of a small perturbation 7y via the iteration

2t e = f(27 ) = f(27) + (2. (41)
Recalling (40), we see that the perturbation 7, satisfies
1 = f'(2") 1. (42)
Taking the absolute value and iterating back to the initial perturbation yields
* * 2 *
a1l = [F ()] nal = [ £ a1l = - = [£/(z)]" |nol - (43)
This equation shows that |7,+1] — 0 as n goes to infinity if and only if
|f(z9)| < 1. (44)

However, the numerical results shown in Figure 10, suggest that the Lorenz map satisfies instead
If'(2)] >1 for all z. (45)

Hence, period-1 orbits are unstable.
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Figure 11: (a)Lorenz’s attractor for r = 28, ¢ = 10 and b = 8/3. Shown is one orbit converging to
the attractor as t increases. (b) Sensitivity to initial conditions. Integration of the Lorenz system with
parameters r = 28, 0 = 10 and b = 8/3 is restarted at ¢ = 20 with an initial condition taken from the
non-restarted simulation and rounded to three decimal digits.

Period-2 orbits: By following a similar argument it is possible to rule out stability of period-2
orbits. Such orbits define a cycle satisfying

2= f(f(z) (46)

The stability of period-2 orbits can be studied as before, by investigating how a small perturbation
Mo in a neighborhood of z* propagates as the Lorenz map is iterated (46). We have,

2t g = f(FE ) = F(FE) + £1E)m) = FFED) + I ENFE D, (47)
i.e., (using (46))

Mt = F(FENSE ) = el = [F(FED)F )] Il - (48)
Hence a necessary and sufficient condition for stability of period-2 orbits is
[P ENFE)] =[P ENFED] <1, (49)

which is impossible because of (45). Hence there are no stable period-2 orbits.

Period-p orbits: By following a similar argument it is straightforward to show that if (45) is satisfied
then there are no stable period-p orbits.

In summary, there is no stable limit cycle within the ellipsoidal trapping region. What is attracting all
trajectories then?

The Lorenz attractor. What actually happens to the trajectories of the Lorenz system (8) for r = 28
(0 = 10 and b = 8/3) is that they are all attracted by a “non-standard” geometric object (a strange
attractor) with Hausdorff dimension® 2.0627, i.e., not a surface nor a volume but something in-between,
i.e., “almost a surface”. The “almost” part (and the reason why the Hausdorff dimension is not an integer)
is related to the roughness of the surface (transverse to the flow), which makes it look like a fractal object.

5The Hausdorff dimension is a measure of dimension that was introduced in 1918 by the mathematician Felix Hausdorff.
Hausdorff dimension coincides with regular dimension of smooth objects such as surfaces (dim=2) and volumes (dim=3). The
calculation of the Hausdorff dimension is usually done numerically (see, e.g., in the paper “The fractal property of the Lorenz
attractor”, Physica D, vol. 190 (2004) 115-128).
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Figure 12: (a)Lorenz’s attractor for r = 28, ¢ = 10 and b = 8/3, sensitivity to initial conditions. Shown
are trajectories corresponding to a small ball of initial conditions placed nearby the attractor. As time
increases such small ball of red initial conditions paints the entire attractor.

5 : : : : : 12 : : : : :
—l —A L3 3
_Zgj
j=1
0 r’“ 131 :
5 -14
-10 ¢ 15+
s 1 5‘0 1 60 1 50 260 250 300 16 ‘ ) : ) :
¢ 1 50 100 150 200 250 300

Figure 13: Lyapunov exponents for the Lorenz system (8). The Kaplan—Yorke dimension of the Lorenz
attractor is Diy = 2.057. The plot also shows the sum of all Lyapunov exponents, which corresponds to
the temporal average of the divergence of the vector field f(x).

The existence of the strange attractor for the Lorenz system was established in 1999 by Warwick Tucker in
his PhD thesis, and in a follow-up paper titled “The Lorenz attractor exists” (C. R. Acad. Sci. Paris, vol.
328, pp. 1197-1202). The proof was based on a combination of normal form theory and rigorous numerical
computations. In other words, rather than producing a traditional mathematical proof, Tucker constructed
an algorithm which, if successfully executed, proves the existence of the strange attractor.

The Lorenz attractor yields long-term aperiodic behavior of all trajectories not sitting on the Z-axis, and a
high sensitivity to initial conditions. In Figure 11(a) we plot one trajectory of (8) for r = 28, o = 10 and
b = 8/3. It is seen that such trajectory settles to an attractor that resemble a butterfly (hence the name
“butterfly attractor”). In Figure 11(b) we demonstrate what happens to a trajectory if the integration
process is restarted at ¢ = 20 with an initial condition taken from the non-restarted simulation and rounded
to three decimal digits. The sensitivity to initial condition is also demonstrated in Figure 12.

Lyapunov exponent analysis

Consider the Lorenz-63 system (8) with parameters o = 10 and b = 8/3 and r = 28. We set the initial
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Figure 14: Lorenz system (8). Temporal evolution of an orthonormal basis of vectors along a trajectory of
(8). It is seen that as time evolves all vectors collapse to the direction of largest expansion which, in this
case is transverse to the flow.
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Figure 15: Poincaré section (plane X = —5) of the Lorenz attractor . It is seen that points on the section

(right) have a tiny bit of roughness, i.e., they do not exactly sit on a one-dimensional manifold but rather
on a very thin set.

condition® as (Xo, Yo, Zg) = [5 5 5]. With these parameters the Lorenz system (8) exhibits an aperiodic
behavior that is very sensitive to initial condition (see Figure 12). In Figure 13 we plot the Lyapunov
exponents computed with the Gram-Schmidt algorithm described above. We perform re-orthogonalization
every 0.5 time units. The Lyapunov exponents we obtained with this procedure are

0, =0.901  fl,=0.001  ¢3=—14.566. (50)

This indicates that the system has a strange attractor characterized by a strongly contracting direction
associated with ¢3, a zero Lyapunov exponent corresponding to the vector tangent to the flow, and an
expanding direction. The sum of all Lyapunov exponents equals the time average of the divergence of the

5The Lyapunov exponents are independent of the set of initial condition
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vector field. Specifically, we obtain

3
> ;= —13.6631 (51)
j=1

which is in excellent agreement with the analytical value’ —13.666. The dimension of the strange attractor
can be estimated using the Kaplan—Yorke formula yielding

Dgy = 2.062.

Thus, the attractor of the Lorenz 63 system is “almost a surface”. If we take a section of the attractor
that is transverse to the flow we see indeed that there is a tiny bit of roughness (see Figure 15), i.e., we do
not have a smooth curve. Such roughness is responsible for the fractal dimension of the attractor.

The Lyapunov time is 77, = 1.11 (in Lorenz-63 time units). The predictability horizon, defined as the
time required for an initial error §y to grow to dmax = 1000y (a one-hundred-fold amplification), is given
by
log(100
T, - 0g(100)
4

This means that two trajectories corresponding to initial conditions that are 10~ apart (length of the
vector that connects the two initial conditions) will be approximately 10~! apart after 7, » = 4.19 time
units.

=4.19

"The divergence of the vector field for the Lorenz system (8) is given by
V- f(x)=—(c+b+1). (52)

Hence,

3 t
> 4 = lim %/ V- f(X(r,@0))dr = —(0+b+1) = — (10 + g + 1) = —13.666 (53)
j=1 0

t—oo



