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Stability analysis of equilibria in nonlinear systems

Consider the n-dimensional nonlinear dynamical system

dx
a f(x) (1)
xz(0) = xo

where x(t) = [21(t) - - - 2, (t)]" is a vector of phase variables, f : D — R", and D is a subset of R”. In this
course note we study the behavior of the nonlinear system (1) in a neighborhood of a fixed point. As is
well known, fixed points are solutions to the nonlinear system of algebraic equations

fx") =o0. (2)

To study the flow in a neighborhood of a fixed point * we consider a local coordinate system centered at
x*, i.e. we define the new phase variables

n(t,xzg) = X(t,xy) — x*. (3)

Assuming that the initial condition xg is sufficiently close to x* and that f is sufficiently smooth, we
expand

F(X(t,®0)) = f(=" + n(t,z0)) (4)
in a neighborhood of *, i.e., for small n(t, xp). This yields

f@® +mn(t xo)) = f(x") +J5(x")n(t, z0) + g(n), (5)
=0
where
ofi") . Oh(=h)
0z, Oz,
Jp)=| 1 (6)
Ofa(x)  Ofalz?)
dry Oy,

is the Jacobian! of f(x) evaluated at the fixed point z*, and g(n) is the reminder of the Taylor series at
x*. Of course g(n) depends on x*. Moreover,

g(0) =0 and Jg(z*)=0. (7)

These conditions imply that nn = 0 is indeed a fixed point, and that that g(n) is at least quadratic in 7.
This allows us to write the nonlinear dynamical system (1) at «* as

%7 = Jy(@")n +g(n) ®

n(0,xg) = ¢y — x*

Note that (8) is completely equivalent to (1), since we retained all nonlinearities. Such nonlinerities are
responsible for the slight variations in the local phase portraits displayed in Figure 1.

'The Jacobian of f(z) is a matrix-valued function that takes in a function f(z) and it returns a n x n matrix-valued
function. The entries of such Jacobian matrix are functions. Of course, if we evaluate the Jacobian of f(x) at a specific point
™ then we obtain a matrix with real entries (provided f is real).
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Figure 1: Geometric meaning of the Hartmman-Grobman Theorem 1. The trajectories of a nonlinear sys-
tem in a neighborhood of any hyperbolic fixed point are homeomorphic to the trajectories of the linearized
system at &*. This means that the trajectories of the nonlinear and linearized system are not exactly the
same in the neighborhood of *, but they can be mapped to each other by a continuous transformation
that has a continuous inverse. The reason why the trajectories are not the same can be traced back to the
term g(n) in equation (8).

Theorem 1 (Hartman-Grobman). Let * € R™ be a fixed point of the dynamical system (1). If the
Jacobian (6) has no eigenvalue with zero real part then there exists a homeomorphism (i.e., continuous
invertible mapping with continuous inverse) defined on some neighborhood of * that takes orbits of the
linear system 1 = J¢(z*)n and maps them into orbits of the system (8). The mapping preserves the
orientation of the orbits.

An outline of the proof is given in L. Perko, Differential equations and dynamical systems, page 121.

Remark: Theorem 1 states that if * is a hyperbolic? fixed point, then the flow of the nonlinear system (1)
in a neighborhood U C R" of &* is homeomorphic to the flow of the corresponding linearized system (?7).
That is, the trajectories of the nonlinear and linear systems can be mapped to each other by a continuous
bijection

h:UwV, (9)
with a continuous inverse, where V' is the image of U under h. Stated mathematically, the theorem asserts
that there exists a homeomorphism h such that

h(X(t,xg) — ") = 1@ h(xg —2*), ie.  X(t,mo)=a*+h " (efJf<m*>h(m0 — m*)) . (10)

The homeomorphism maps trajectories of (8) to trajectories of n = Jy(x*)n (without g(n)) in some
neighborhood of 0.

2A fixed point * is called hyperbolic if the Jacobian matrix J#(x*) has no eigenvalues with zero real part.
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Figure 2: Eigenvalues of the Jacobian matrix Jg(x*), and definition of the associated subspaces.

Stable, unstable, and center subspaces

The eigenvalues of the Jacobian matrix J(z*) and the associated subspaces can be grouped into three
main classes (see Figure 2):

e Stable subspace. We denote the subspace spanned by the eigenvectors and the generalized eigen-
vectors associated with eigenvalues with negative real part as V°. The subspace V? is called stable
subspace (or stable eigenspace if it is spanned by eigenvectors).

e Unstable subspace. We denote the subspace spanned by the eigenvectors and the generalized
eigenvectors associated with eigenvalues with positive real part as V*. The subspace V* is called
unstable subspace (or unstable eigenspace if it is spanned by eigenvectors).

e Center subspace. We denote the subspace spanned by the eigenvectors and the generalized eigen-
vectors associated with eigenvalues with zero real part as V¢. The subspace V¢ is called center
subspace (or center eigenspace if it is spanned by eigenvectors).

The Hartman-Grobman theorem applies to a fixed point * with center subspace V¢ reducing to just one
element, i.e., V¢ = {Ogn }. This means that dim(V¢) = 0, i.e., the center subspace is zero dimensional.

On the other hand, the center manifold theorem discussed hereafter provides useful information on the
stable, unstable, and center manifolds associated to a fixed point x*.

A manifold in R is a subset that “locally looks like” R¥ for some 1 < k < n. That is, around every point,
it resembles flat k-dimensional Euclidean space, even though globally it might be curved or embedded in
a higher-dimensional space.

In other words, we can locally flatten a manifold in R™ using a smooth coordinate transformation. For
example, a smooth (non-intersecting) curve in R? is a one-dimensional manifold. Similarly, a smooth
surface in R3 is a two-dimensional manifolds. A smooth curve in R” is a one-dimensional manifold that
can be parameterized as () € R™. Similarity, a smooth surface in R" is a two-dimensional manifold that
can be parameterized as x(u,v) € R, where u and v are scalar parameters.
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Figure 3: Stable and unstable eigenspaces V* and V%, and stable and unstable manifolds W# and W*“
of a two-dimensional saddle node and a two-dimensional stable node. Note that the stable and unstable
manifolds of the saddle node are one-dimensional and tangent to the stable and unstable eigenspaces at
fixed point. The stable eigenspace of the stable node is two-dimensional. Hence the the stable manifold
is two-dimensional as well. Hence the tangency condition of W*# to V* in this case reduces to the trivial
statement that all trajectories belong to the stable manifold, at least locally.

In the context of dynamical systems, an invariant manifold W C R"™ is a manifold such that for all xy € W
we have that X (¢,x9) € W for all t.

Theorem 2 (Center manifold theorem). Let * € R™ be a fixed point of the dynamical system (1), and let
Ve V% and V€ be the stable, unstable and center subspaces defined by (generalized) eigendecomposition
of the Jacobian matrix J¢(x*) defined in (6). Then there exist two unique stable and unstable invariant
manifolds W* and W*" of the same dimension of V* and V* and tangential to V* and V¢ at «*, and a (not
necessarily unique) center manifold W€ of the same dimension of V¢ and tangential to V¢ at «*. If f in
(1) is of class C* then W* and W" are of class C*, while W¢ is of class C*~1.

An invariant manifold W C R™ is a manifold such that for all £y € W we have that X (t,x¢) € W.

It is useful to sketch the stable and unstable subspaces V* and V" together with the stable and unstable
manifolds W* and W" for 2D a saddle node and for a 2D stable node. In the latter case, the stable

subspace has dimension 2, and therefore all curves in a neighborhood of * are part of the stable manifold
we.

Stability analysis of hyperbolic fixed points in two-dimensional dynamical systems

In this section we provide a few examples of stability analysis of a hyperbolic fixed point in two-dimensional
nonlinear dynamical systems.

Example: Consider the following Volterra-Lotka model governing the population dynamics two interacting
species competing for some common resource

d
%:x1(3—x1—2$2)
(11)
@—x@—x — x9)
pra 1— %2
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Figure 4: Fixed points of the Volterra-Lotka model (11).

The nullclines are

. 3 1
T1=0 = x= 0, To = 5 — 5.%1, (12)
To =0 == LL’QZO, To =2 —x1. (13)

Fixed points are located at the intersections of the nullclines. As shown in Figure 4 we obtain
% = (0,0), xp = (0,2), xs = (1,1), xp = (3,0). (14)

The Jacobian of (11) is easily obtained as

Ji(x) =

|:3 — 2%1 — 2.%'2 —2:U1 :| (15)

—x9 2—x1 — 229

Let us study the flow of the nonlinear system in a neighborhood of the fixed point 7, = (1,1). The
Jacobian at xy, is

N e
and it has eigenvalues
AM=-1-v2<0, A=-1+V2>0. (17)
Therefore the fixed point x, is hyperbolic (saddle node). The stable and unstable eigenspaces of the saddle

node are spanned by the vectors
o[ el

which are eigenvectors of (16) corresponding to A; and Ag. Based on Theorem 2, the stable and unstable
manifolds of the saddle node are tangent to the tangent eigenspaces stable and unstable manifolds are
tangent to the eigendirections. Proceeding similarly for the other points, it is straightforward to find that
x” is an unstable node, while ; and x7, are stable nodes. In Figure 5 we sketch the phase portrait of
the system, and compare it with a numerically computed portrait.
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Figure 5: Phase portrait of the Volterra-Lotka model (11). The stable manifold of the saddle node deter-
mines which species is going to survive.

Example: Consider the nonlinear system

dx
d—tlzl—(,u—l—l)wljtx%wg
(19)
de 2
—= = ux] — TIT
ag ML TR

where p > 0 is a real parameter. We allow y to vary?, since this will change the location of the fixed points
and their stability properties. The nullclines are obtained by setting

+1 1
1—(p+ 1)z + 2302 =0 xgz'u — — (for 1 #0)
= T €Ty
x1(p — x122) =0 x1 =0, or xy= el
I

The fixed points are at the intersections of the nullclines. By substituting xo = u/x; into the equation
defining the nullcline ©; = 0 we obtain

po_p+l 1 .
bt #i(0) (20)
Correspondingly,
p+1 1
wo(p) =~ — —
2T () wi(w)?
=p+1-1
=p. (21)
Therefore, we obtain the unique fixed point
(@1(w), x3(p) = (1, ). (22)

The Jacobian of the system (19) is

[ e+ 1)+ 20020 af
Jf(mla:l:QaM) - ©— 2$1(E2 —.’E% . (23)

3By allowing u in (19) to vary, we are effectively studying potential bifurcations of the system, in particular bifurcations
of equilibria.
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Figure 6: Eigenvalues of the Jacobian matrix (24) as a function of p.

The (linear) stability of the fixed point (22) is determined by the eigenvalues of
* * B — 1 1
Jp(@i(n), w5 (1), ) = [ -1 ] (24)
The associated characteristic polynomial

pA) =X = (n=2)A+1 (25)

has roots

(k—2)t/(p—2)%—4
5 :

In Figure 6 we plot the eigenvalues (26) as a function of . Based on such eigenvalue analysis, it is seen

that the fixed point (22) is:

Ar2(p) = (26)

e a stable spiral for 0 < p < 2;

e a non-hyperbolic fixed point for 4 = 2. Center manifold analysis outlined later in this course note
allows us to conclude that the non-hyperbolic fixed point is a stable spiral;

e an unstable spiral for 2 < p < 4;
e an unstable degenerate node for y = 4;
e a repellor for p > 4.

For ;1 = 2 linear stability analysis predicts a center (A; 2 = £i). However, such fixed point is not hyperbolic
and therefore such conclusion does not hold. Indeed the analysis of the center manifold outlined later in
this course note allows us to conclude that for u = 2 we have a stable spiral. For y = 4 we have A\; o = 1.
The geometric multiplicity of such eigenvalue is 1, and therefore at ;x = 4 we have an unstable degenerate
node. The phase portrait of the system is shown in Figure 7 for different values of p.

One-dimensional center manifolds in two-dimensional dynamical systems
We now examine the stability of non-hyperbolic fixed points in a two-dimensional dynamical system where

one eigenvalue is zero. The local behavior near such fixed points can be analyzed by studying the dynamics
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Figure 7: Phase portraits of (19) for different values of p.

restricted to the center manifold W€ in a neighborhood of the equilibrium point &* € R%. To this end, we
represent such local center manifold W€ as a graph of a smooth function h, i.e.,

W = {(z1,29) € R® such that zo = h(x;) for all z; in a neighborhood of z7}. (27)

According to the center manifold Theorem 2, there are three conditions that the function h(x;) needs to
satisfy in order to represent the center manifold in a neighborhood of the fixed point x*:

1. (z1,h(x1)) needs to pass through the fixed point, i.e.,

wy = h(z7) (28)

2. h(x1) needs to be tangent to V¢ at the fixed point «*. This means that the slope h(x;) must be the
same as the slope* of V¢ at z}. Such slope is identified by the “center” eigenvector of J f(x*).

3. W€ must be an invariant manifold. This means that any trajectory trajectory (z1(t),z2(t)) on W€

must satisfy
dl‘g _ dh(:vl) d.fEl

nlt) =ha(t) = G2= SIS (20)

ie.,

dh(ml)

Txlfl(l'l,h(l’l)). (30)

fo(x1, h(z1)) =

These three conditions allow us to determine a power series expansion of the (one-dimensional) center
manifold W€ in a neighborhood of the fixed point *. Let’s see some examples.

Example: Consider the nonlinear system

dxl_{l,’:]}
E— 142

31
iy (31)

41f the center subspace V* is a vertical line then we need to compute a preliminary coordinate transformation, e.g., use the
so-called normal coordinates.
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The nullclines are

1=0 & x1=0 or xz9=0, (32)
o =0 <& 1x9= —3}%. (33)

Hence, there exists only one fixed point at the intersection of the nullclines which is

x* = (0,0). (34)
The Jacobian of the system (31) is
e m
Js(x) = [_2331 _J . (35)
By evaluating Jg(x) at the fixed point * = (0,0) we obtain
0 0
50 =0 1| (36)
The eigenvalues of Jg(0) are
Ae=0 and Ag=-—1. (37)

Correspondingly, we have a center eigenspace V¢ and a stable eigenspace V*, both of dimension one. Such
eigenspaces are spanned by the eigenvectors

v = [(1)] and v, = m . (38)

In Figure 8 we sketch the nullclines and the eigenspaces V¢ and V*. Next, we compute the local center

X,=0

Figure 8: Nonlinear system (31). Stable (V*) and center (V) eigenspaces associated with the fixed point
z* = (0,0).

manifold W€ in a neighborhood of the fixed point * = (0,0). To this end, we consider the following power
series expansion of the function h(x;) appearing in (27)

z9 = h(x1) = a + bxy + cx? +dat + -, (39)
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where a, b, ¢, etc. are coefficients to be determined. By enforcing that W€ passes through the fixed point
(0,0) and is tangent to V¢ at (0,0) we obtain

(40)

Therefore we are left with
h(zy) = ca? + dod +exf + - - (41)

At this point we impose that the dynamics on the local center manifold W€ is invariant, which means that
any trajectory with initial condition on W€ stays on W¢. This condition is expressed mathematically by
equation (30), which can written the system (31) as

—h(x1) — 23 = (2cz1 + 3dz? + - - ) 1h(z1). (42)
W (1)
Substituting h(x1) yields
- (cx%—l—dl‘?+ex%---) i (2ca1 +3dx%+-~)x1 (cm%+dx‘;’+-~), (43)
i.e.,
—(c+ 1)} —dod — ex] + -+ = 2c%2] + beda} + - - . (44)

Since we are free to choose x1 as small as we like, the previous equation yields the following conditions
(match the coefficients multiplying the same power of x; at the left and the right hand sides)

c+1=0, d=0, —e=2¢%, (45)
i.e.,
c=—1, d=0, e=—2. (46)

This yields the following power series expansion of the local center manifold W¢
v = hiay) = —a? — 2% 4. (47)

The dynamics on this manifold can be obtained by substituting x9 = h(x1) into the first equation of the
system (31). This yields
da:l
dt
Hence & always points towards the origin when evaluated along the manifold W€, i.e., W€ is stable (see
Figure 9). In Figure 10 we plot the phase portrait of (31) computed numerically.

=z —22% ... (48)

Example: Let us provide another example of analysis of a two-dimensional non-hyperbolic fixed point.
To this end, consider the nonlinear system

da:l
— = —X1T2
dt
49
ds (49)
—= =1 -
dt 1 2
The nullclines are
1=0 < z1=0 or x2= 0, (50)
o =0 < 1xz0=1x. (51)
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Velocity on the center manifold W€ phase portrait
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Figure 9: Nonlinear system (31). Local center manifold W¢ at the non-hyperbolic fixed point (0, 0).
Hence, there exists only one fixed point at
x* = (0,0). (52)
The Jacobian of the system (49) is

Jp(x) = [‘f’? __ﬂ (53)

By evaluating J¢(x) at the fixed point «* = (0,0) we obtain

0= 7 5] 61)

The eigenvalues of J¢(0) are
Ae=0 and A, =-—1. (55)

Correspondingly we have a center eigenspace V¢ and a stable eigenspace V?®, both of dimension one. Such
eigenspaces are spanned by the eigenvectors

v = m . and v, = m . (56)

To study stability of the non-hyperbolic fixed point &* = (0,0), we compute the local center manifold W¢
at «*. Based on Theorem 2, W€ is a C"*° one-dimensional manifold and therefore it can be represented
locally as a graph of a C*° one-dimensional function h as

x9 = h(xq). (57)
The function h must satisfies the conditions

h(0) =0 W€ passes through the fixed point «* = (0, 0),

(58)
R'(0) =1 W¢ is tangent to V¢ at the fixed point * = (0,0).
Expanding h(z1) in a power series at * = (0,0) yields
h(z1) = a+bay + cxf +dat +--- . (59)
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Figure 10: Phase portrait of the dynamical system (31). Note that the numerical results indicate that
there may be an infinite number of center manifolds at «* = (0,0) (all curves passing through (0,0) with
horizontal tangent at (0,0)). However, the Taylor series expansions of any two center manifolds at (0, 0)
agree to all orders.

By enforcing conditions (58) we obtain
a=0, b=1. (60)

Hence,
h(zy) = o1 + ca? +dad +--- . (61)

As before, the other coefficients can be obtained by imposing that W€ is an invariant manifold, i.e., that
trajectories starting in W€ stay in W¢. This is equivalent to imposing that the dynamical system (49) has
(57) as trajectory, i.e.,

xo(t) = h(z1(t)) for all t > 0, (62)

where (z1(t),z2(t)) is a solution of (49). Differentiating (62) with respect to time yields and using (49)
yields
dh(.%'l)

dacl

Tr1 — h(l‘l) = — xlh(xl). (63)
Substituting the power series (61) into the previous equation we obtain

x1— a1 —cxy —da} — =~y (L4 2czy + 3dai + - ) (w1 + caf +daf + ), (64)

ie.,
—cx?—dad - =22 -3+ = c=1, d=3. (65)

Hence, the power series expansion of the center manifold W¢ in a neighborhood of * = (0,0) is
zo = h(zy) =1 + 2% + 325 +--- . (66)
The dynamics on the manifold W€ is obtained by substituting (62) into (49). This yields

i1 = —x(zy +a? +323 )= —2? — 2 — 3]+ (67)
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Velocity on the center manifold W€ Phase portrait

Figure 11: Nonlinear system (49). Stable and center eigenspaces V* and V¢, and local center manifold W*
at the non-hyperbolic fixed point (0, 0).

The right hand side suggests of this equation that the 21 component of the velocity on the center manifold
W¢ always points left (see Figure 11). Hence the fixed point (0,0) is unstable. In Figure 12 we plot the
phase portrait of (31) computed numerically.

Non-uniqueness of center manifolds. We’ve mentioned in Theorem 2 that center manifolds need not
be unique. Specifically if f(x) is C*° then it is possible to find a C" center manifold for each r < oco. This
can be seen from the following simple example. Consider the dynamical system

ar !

68
i (68)
a 7

clearly, (z1,22) = (0,0) is a fixed point. The stable manifold W* is the vertical axis 21 = 0. Moreover,
xo = 0 is an invariant center manifold, but there are other center manifolds. In fact, eliminating ¢ as the
independent variable in (68), we obtain (for z; # 0)

dl‘g €T 1/x1
- _ = z R.
R wle)=he pe (69)
Thus, the curves given by
Bel/mt gz <0
h(xi) = 70
(@) { s, (70)

are a one-parameter (parametrized by () family of center manifolds of (z1,22) = (0,0). These center
manifolds are shown in Figure 13. It is easy to verify indeed that zo(t) = Be!/*1(®) is an invariant manifold
for the system (68). Moreover it is tangent to V¢ (z; axis), and it passes through (0,0) (for ; — 07).
This example brings up the following question:

e In approximating the local center manifold via power series expansions, which center manifold is
actually being approximated?

It can be shown that any two center manifolds of a given fixed point differ by (at most) transcendentally
small terms. Thus, the Taylor series expansions of any two center manifolds at a given fixed point agree to
all orders. Moreover, it can be shown that for an analytical system, if the series expansion of h converges,
then there exists a unique analytical center manifold. The function (70) is of class C*° but is not analytic
at 0 (not convergent power series expansion at x; = 0).
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Figure 12: Phase portrait of the dynamical system (49).

Two-dimensional center manifolds for imaginary eigenvalues

Let us consider the case where the Jacobian matrix J¢(x*) in (8) has two imaginary (complex conjugate)

eigenvalues, i.e.,
/\1 = tw )\2 = —iw, (71)

where w is a nonzero real number. In Appendix A we show that the real Jordan form of Jy(x*) is

A:[O ‘*’]. (72)

—w 0

Such real Jordan form is obtained by a real similarity transformation P that has the real and the imaginary
part of one eigenvector as columns. By defining new variables

gq=P'n (73)

it is straightforward to transform the dynamical system (8) to

d

% =wq2 + Hi(q1,92)

: (74)
% = —wq; + Ha(q1,q2)

It is important to emphasize that the coordinate system we use in (8) is centered at the fixed point x*.
Correspondingly the transformation induced by the similarity transformation P that yields the real Jordan
form of J¢ transforms the coordinate system 7 centered at * to another coordinate system g still centered

at x*.
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Figure 13: Non-uniqueness of center manifold for the fixed point * = (0,0) of the dynamical system (68).

Stability analysis. To study stability of the fixed point *, we need to study the orbits of the nonlinear
dynamical system (74) in a neighborhood of ¢ = 0. To this end, we consider a perturbation of the system
(8) depending on one real parameter p. Such perturbation modifies the eigenvalues of the Jacobian Jg¢(x*)
to

A2 = afp) £if(p). (75)
The real Jordan form of the system (8) after perturbation is
G| _ | alp) B (a] , [Hilar,q2;0)
) = [560 an [2]+ [ i) 7
where a(0) = 0 and 5(0) = w.

Note that the perturbation generally changes the location of the fixed point and modifies the vector field
in its neighborhood. However, in the normal coordinates (q1,¢2), the fixed point is always positioned at
the origin of the system. It is also worth noting that the flow depends continuously on the perturbation
parameter u, provided the perturbation is sufficiently smooth. Furthermore, a one-parameter perturbation
describes the complete local dynamics near p = 0 if the transversality condition &(0) # 0 is satisfied. This
guarantees that varying the parameter causes the eigenvalues to cross the imaginary axis.

Let
z = q1 +1qo. (77)

Differentiating with respect to time and using (76) yields
2=q1+1G2 = (a +iB)z + Hi(q1, g2 1) + iH2(q1, g2 p)
Thus, the system (76) reduces to the complex form:
2= (a+1p)z+ N(z, z;p), (78)
where the nonlinear term is defined by
N(z,z;u) = Hi(q1, q2; ) + 1H2(q1, q2; 1),

- Re(N(z, 2 ) = Hy(s 7). Im(N(z, 2 ) = Ha(z 7 1),
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Theorem 3. There exists an analytic (near identity) change of variables ¢ = 2+S5(z, z; 1) with S = O(|z|?),
such that the system (78) takes the form

§=(a+iB)E+ (v +i6)E[PE + O(l¢]Y).

The proof is given in Appendix B.

Letting £ = Re | we obtain ' '

R+iRO = (a +if)R +~vR? +idR3,
ie.,
R=a(p)R+~(u)R® (79)
0 = B(u) +o(u)R?
This system is written in polar coorinates and it represents the dynamics on the two-dimensional center
manifold W€ for small R and small pu.

The equilibria of the first equation in (79) are R = 0 and R? = —a(u)/v(u). Since a(0) = 0, the sign of
a/(0) determines local stability for small p. If @/(0) > 0, then R = 0 is unstable for x4 > 0 and stable for
pu < 0. Conversely, if o/(0) < 0, then R = 0 is stable for x4 > 0 and unstable for ;1 < 0. Evaluating the
system (79) at p = 0 yields

O L
dt
- 2 (80)

Therefore the trajectories nearby the fixed point * are either spirals or centers, depending on the parameter
~(0). It can be shown (see the proof in Appendix B or the book by Guckenheimer and Holmes, “Nonlinear
oscillations, dynamical systems and bifurcations of vector fields”, p. 154) that

1 [03H, O3 H,y O3 Hy O3 Hy
7(0) =— 3 T 7+ 53 + 3

16 | Oqy 0q10q5  9qi0q2 g5
1 [82H1 <82H1 82H1>_ 0% H, <32H2 82H2>_
16w |0q10q2 \ 0¢7 — 0q3 010q2 \ 0¢;  0¢3
0?H, 9%*H, N 0°H, 9*H,
o¢ 0¢  0q¢3 0q3 |’

(81)

where all derivatives of Hi(q1,q2) and Ha(q1, q2) are evaluated at (0,0). Hence, if v(0) < 0 we get a stable
spiral and if 7(0) > 0 we get an unstable spiral. The case v(0) = 0 requires higher order Taylor expansions
in Theorem 3.

Remark: It is not strictly necessary the take a perturbation of the vector field H;(q1, ¢2) in (74) to derive
the stability condition on the 2D center manifold corresponding to complex conjugate eigenvalues. Indeed,
the sequence of steps listed in Appendix B to prove Theorem 3 holds in particular for ¢ = 0. Adding a
parameter helps us understand structural changes in orbits as the parameter is varied.

Example: Consider the dynamical system

dx

ditl = —T2 — (.CC% + IL’%) + 2129

: (82)
X

7dt2 =T — (QZ% + $%) — 11X
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Figure 14: Phase portraint of the system (82). The system has a non-hyperbolic fixed point at * = (0, 0),
which turns out to be a stable spiral. The stable spiral is enclosed by a homoclinic trajectory, i.e., an
trajectory that connect the unstable manifold and the stable manifold of the saddle node that is located
nearby.

X2

-0.5¢ 4l

The system has a fixed point at * = (0,0). The Jacobian of (82) at (0,0) is

. —2x1 + 29 —1—2x9 4+ 11 . 0 -1
Tr®) =\ Cop “ 2y —2my—m = J0,0)= [1 0 ] (83)
The eigenvalues of J¢(0,0) are
Ao = +i. (84)

Hence, * = (0,0) is a non-hyperbolic fixed point with an associated two-dimensional center manifold.
To study the dynamics nearby «* = (0,0) we use the normal form (80) and calculate the coefficient (81)
for

Hy(z1,22) = —(22 4+ 22) + 2129 Ho(z1,15) = —(22 4+ 22) — 2129 (85)

Note that in this case w is equal to one (compare (82) and (74)) and the third derivatives of (Hy, Ha) are
both equal to zero. Moreover,

0*H, 0% H, 0% H;
8$1$2 9 8%1.’1}'2 b 8:1;2 M (Z7j ) ) ( )

Substituting these derivatives in (81) we yields

7(0) :% [1x(=2-2) = (=1) x (=2 —2) = (=2) x (=2) + (=2) x (-=2)]
:1%[_4_4_“4]
-2 (87

Hence, we conclude that the non-hyperbolic fixed point (0,0) is a stable spiral. The phase portrait is for
this system is shown in Figure 14. Note that the stable spiral is enclosed by a homoclinic orbit, i.e., a
trajectory that connects the unstable and unstable manifolds of a nearby saddle point.
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Normal form of n-dimensional nonlinear dynamical systems at fixed points

The center manifold Theorem 2 allows us to write any dynamical system in a neighborhood of an equilibrium
point in a “normal form”. Such normal form differs from a standard linearization in that the dynamics
on the subspace V¢ is nonlinear. To obtain such normal form let us start from the nonlinear system (8),
which represents (1) at the fixed point *. We group the eigenvalues of the Jacobian matrix J¢(x*) as in
Figure 2, and denote by
C
K = S (88)
U

the real Jordan form of the Jacobian matrix J¢(x*). Here C' denotes the real Jordan block corresponding

to the center subspace, S the real Jordan block corresponding the stable subspace, and U the real Jordan
block corresponding to the unstable subspace. The (real) projection matrix P is

P=[P. P, P, (89)

where P., P; and P, are projection matrices onto the subspaces V¢, V¢ and V*. Such projection matrices
are made of generalized eigenvectors (columnwise) spanning each of the subspaces V¢, V* and V*. The
Jordan factorization of J¢(x*) takes the form

Ji(z*) = PKP ' (90)
Next, define a new set of variables
qg=Pin. (91)
A substitution of (90) and (91) into (8) yields
d
d% — Kq+ P 'g(Pq). (92)
Upon definition of
q=|s (93)
this system can be split as
d
£ = Cc+ fe(e,s,u) dynamics in V¢ (C has eigenvalues with zero real part)
d
d—j = Ss+ fs(c,s,u) dynamics in V* (S has eigenvalues with negative real part) (94)
d
diti = Uu+ fule,s,u) dynamics in V* (U has eigenvalues with positive real part)

If ||g|| is very small then the nonlinear terms fs and f, are negligible with respect to Bs and Cu,
respectively. This leaves us with the system

de

i Cc+ fe(c,s,u)

ds

- = 95
a - 5 (95)
du

- U

dt v

By using the center manifold theorem we can express the dynamics on W€ as a vector map

We={(c,s,u) € R": s =hy(c) and u=h,(c)} (96)
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subject to the conditions

hs(0) =0, h,(0) =0, (W€ passes through n = 0),
Vhs(0) =0, Vh,(0) =0, (W€ is tangent to V¥ at ; = 0).
(97)
With the center manifold (96) available, we can decouple the system (95) as
(d
= Cec+fulehi(e) hu(e)
ds
— = S 98
i s (98)
du
LU
dt “

This system of equations represents the generalization of the Hartman-Grobman theorem for non-hyperbolic
fixed points. From (98) we see that the dynamics on the stable and unstable subspaces of are trivial in
normal coordinates, while the dynamics on the center manifold is essentially nonlinear.

Example: Consider a 3D system in a normal form with a 2D center manifold corresponding to a eigenvalue
Ae = 0 equal to zero with algebraic multiplicity two. Let the other eigenvalue As be negative. The system
has the form?®

( dq
I = co+ fe,(c1,09,58)
d62
E = f02(6170273> (99)
ds
o)
dt s

To identify the center manifold that is tangent to the 2D center subspace we let
s = hs(c1,c2). (100)

In normal coordinates we have

Ohs(0,0)  9hy(0,0)

0= hs(0,0 d = =0. 101
Differentiating (100) with respect to time yields
. Ohs,  Ohs,
= — . 102
° 861 “l + 662 = ( )
At this point let the center manifold be represented as a power series
h5<61,02) = ag + a1c1 + agscy + azcico + a4c% + G4C% + - (103)

The coefficients a; can be determined by enforcing (101) nd (102) with all time derivatives represented
using the right hand side of (99), i.e.,

Oh Oh
Ashs(c1, c2) = Tclfcl(cl’c% hs(ci,c2)) + 8702]0@(017027 hs(ci,c2)). (104)

°In this case the matrix C is the zero matrix
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Once the center manifold hg(cq, c2) is identified, we substitute it into (99) to obtain

de

o= felehs(0)) (105)
ds

E: AsS

To study stability of the nonlinear equation for ¢(t) describing the flow on the center manifold we could
take perturbations as we did before for the case of complex conjugate eigenvalues, or proceed numerically.
Specifically, if the geometric multiplicity of the A = 0 is one (i.e., degenerate eigenvalue), it can be shown
that after a suitable near-identity change of coordinates, the system can transformed into the form

?:61:'11,2,
(106)
agzau%-i-buluz—k-",

where a, b are determined by the system’s nonlinearities. To fully explore the local behavior of the system in
a neighborhood of the degenerate eigenvalue we need two parameters (in the complex conjugate eigenvalue
case the second eigenvalue is fully determined by the first). To fully explore all possible local dynamics we
need two parametersu; and po. The system can be written in the Takens—Bogdanov canonical form

’lll = U9,
(107)
Uz :M1+H2U1+QU%+I)U1U2+-‘- ,
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Lyapunov stability theory

Stability of hyperbolic and non-hyperbolic fixed points can be also studied using Lyapunov functions,
without finding the trajectories of (8). A typical Lyapunov Theorem has the form: “if there exists a
function V (x) that satisfies some conditions on V(X (¢, o)) and dV (X (¢, xo))/dt, then the trajectories of
the system satisfy some property”.

Theorem 4. Let f(x) be a Lipschitz function defined over a domain D C R™ which contains a fixed point
x*, i.e., f(x*) = 0. Let V() be a continuously differentiable function defined over D such that

V(z*)=0 and V(xz) >0 for all x € D\ {z*}, (108)

and
dV (X (t, o))
dt

Then, «* is a stable equilibrium point of & = f(x). If

dV (X (t, x0)))
dx

<0 VxzgeD. (109)

<0 VxzgeD\{z*}. (110)

then x* is asymptotically stable®. Finally if D = R™ and (110) holds then x* is globally asymptotically
stable.

The Lyapunov function V' (x) depends on the vector field (and the flow) generated by a dynamical system.
In fact,
dV (X (¢, 20))

. — VV(X(t,20)) - F(X(t,20)). (112)

Remark: The conditions in Theorem 4 are only sufficient. Failure of a particular Lyapunov function
candidate to satisfy the conditions for stability or asymptotic stability does not mean that the equilib-
rium point is not stable or asymptotically stable. It only means that such stability property cannot be
established by using that particular Lyapunov function candidate. Whether the equilibrium point is stable
(asymptotically stable) or not can be determined only by further investigation.

The following theorem shows that if we can find a Lyapunov function in a domain D about the fixed point
x* whose derivative along the trajectories satisfies (109), and if we can establish that no trajectory can
stay identically at points where dV (X (t,x))/dt = 0, except at x*, then x* is asymptotically stable. This
idea follows from La Salle’s invariance principle, which we discuss below.

Theorem 5 (La Salle). Let f(x) be a Lipschitz function defined over a domain D C R™ and 2 C D be
a compact set that is positively invariant with respect to the flow generated by & = f(x). Let V(x) be
a continuously differentiable function defined over D such that dV (X (¢, x¢))/dt < 0 for all g € Q. Let
xo € E be the set of all points in 2 where dV (X (t,x¢))/dt = 0, and M be the largest invariant set in E.
Then every trajectory X (t,xo) starting o €  approaches M as t — oo.

Unlike Lyapunov’s theorem 4, Theorem 5 does not require the function V() to be positive definite. Note
also that the construction of the set €2 does not have to be tied in with the construction of the function
V().

Converse Lyapunov Theorems. Theorem 4 guarantees the asymptotic stability of the fixed point «*
under the existence of a Lyapunov function V(&) satisfying certain conditions. However, such a function

5Note that the conditions (109) and (110) can be equivalently formulated in an integral form as
V(X (t,20)) < V(X(s, o)) and V(X(t,z0)) < V(X(s,zo)) forall t>s, (111)

respectively. In other words, the Lyapunov function is non-increasing (or monotonically decreasing) along trajectories of the
system
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is typically not known in advance, and no general method exists for systematically constructing it. This
naturally raises the question: does such a function at least exist? The answer is provided by converse
Lyapunov theorems.

For instance, a converse theorem for asymptotic stability asserts that if * is asymptotically stable, then
there exists a Lyapunov function satisfying the conditions of Theorem 4. Most converse theorems are
proved by explicitly constructing auxiliary functions that meet the required conditions. Unfortunately,
these constructions almost always rely on prior knowledge of the solution to the differential equation,
limiting their practical use in finding such functions. Nevertheless, converse Lyapunov theorems remain
valuable for drawing conceptual insights into the behavior of dynamical systems. One example is presented
below.

Theorem 6. Let z* be an asymptotically stable equilibrium point for the n-dimensional system” « = f(x),
where f is Lipschitz on D C R™ and «* € D. Let Q C D be the basin of attraction of #*. Then, there is a
smooth, positive function V() such that V(x*) = 0 and a continuous, positive function W (&) such that
W (x*) = 0, both defined for all € Q, that satisfy

V(x) = oo as x — 00 (113)

and
VV(X(t,:L‘o)) . f(X(t, :B())) < —W(X(t,wo)) Vg € Q) (114)

Moreover for each V(x) < ¢ defines a compact subset of 2 for each ¢ > 0.

Basin of attraction of fixed points. Quite often, it is not sufficient to determine that a given system
has an asymptotically stable equilibrium point. Rather, it is important to find the region of attraction of
that point (see, e.g., Figure 5), or at least an estimate of it.

Theorem 7. The region of attraction of an asymptotically stable equilibrium point is an open, connected,
invariant set, and its boundary is formed by trajectories.

This suggests that one way to determine the region of attraction is to characterize the trajectories that
lie on its boundary. This process can be quite difficult for high-dimensional systems, but can be easily
done for two-dimensional systems by examining phase portraits in the phase plane (see the shaded area in
Figure 5).
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Appendix A: Real Jordan form of a 2D matrix with imaginary eigenvalues

In this Appendix we briefly describe the procedure to compute the real Jordan form of a 2 x 2 matrix
with complex conjugate eigenvalues. The generalization to n X n matrices with real and complex conjugate
eigenvalues is straightforward and can be built based the technique discussed hereafter and in the Appendix
A of the course note 4. Let us illustrate how to compute the real Jordan form of a 2 X 2 matrix using a
simple example. To this end, consider the matrix

A:[l 2}. (115)

The eigenvalues of A are
A2 = £V3i, (116)

while the eigenvectors are
2 2
= = . 117
vl [—1 + \/51} o [—1 - x/§z] (117)
Denote by \;, v; the complex conjugates of the eigenvalues and eigenvectors. Clearly, for i = 1,2
Av; = \v; = Av; = \v; = Av; = Xz’lTl, (118)

i.e., if v; is an eigenvector corresponding to \; then v; is an eigenvector corresponding to \;. So, in practice,
we just need to compute one eigenvector of A, since the other one is going to be the complex conjugate of
such vector. To compute the real Jordan form, we simply replace the complex eigenvectors (117) with the
real and imaginary component of one vector’, i.e., we consider the real basis

P- [_21 jg} (120)

ool A0 L Y e
J

A P P

We have

Hence the real Jordan form® is the skew-symmetric matrix

7= V]

and the similarity transformation (120) has real entries. Of course, we are also allowed to consider the
transformation

(124)

P= [_12 (\)/g] , (125)

"Note that the real component of both vectors v1 and v in (117) is

{31] ,  while the imaginary component is L(/)g] . (119)

80n the other hand, the complex Jordan form is obtained by the methods we studies in the course note 4. In fact the
matrix A is diagonalizable Hence, we have

VB0
7= { 0 —V3i (122)
and the (complex) similarity transformation
-2 -2
P= {1 —V3i 1+ \/??J : (123)
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which yields the real Jordan form

0 —V3
= ) 12
=5 o) H20)
If a 2 x 2 matrix A has complex conjugate eigenvalues of the form
Alg = pEiw (127)
then the real Jordan form of A is
g [ p i“’] . (128)
Fw  p

Appendix B: Proof of Theorem 3

We consider the complex differential equation (78), hereafter rewritten for convenience
2= (a+if)z+ N(z z;pn),

where z € C, and the nonlinear term N is analytic and satisfies N(z, z; 1) = O(|z|?). We expand N up to
cubic order
1 1

1 1 1 1
N(z, 2 1) = §n1z2 +nozz + §n322 + 6n4z3 + §n5222 + §n6222 + gmz?’ + O(|z]"),

where all coefficients n; = n;(u) € C depend smoothly on the parameter . We now apply a quadratic
near-identity transformation
- - Ly 1
n=z+S5(z,z;u), Sz zup = J017 + agzz + 5037
with unknown coefficients a1, as, az € C. Differentiating and substituting for Z, we have:
=2+ D,5(2,2) - 2+ D35(2,2) - 2+ O(|2])
= (a+iB)z+ N(z,2; 1) + (a12 + a22)2 + (azz + az2)z + O(|2*)

Now substitute the inverse transformation

1 _ 1
z=1-— 5@1772 — agnm — 5@3772 +0(|n?)

and use it to rewrite 1 in terms of i, 7. The result is

n=(a+iB)n

+ %(nl + (a+iB)a1)n® + (n2 + (a +iB)az)nn + %(ng + (a + 3iB)as)n”

1 T o, 1 1
+ 6"4773 + §n5n2n + 571677772 + 6”77]3 +O(|n"

To eliminate the terms 7% and 7% we set

ni ns
-, a3 = — —.
a+if 3 a+ 3if

a] =
This gives the “intermediate” normal form

. . 1 1 . 1 .1
1= (a+iB8)n+ noni + 6”4773 - §n5n2n - 5%77?72 + gnwf” +O(|n|"),
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where 113 = no 4+ (a + i3)az. We now apply a second near-identity transformation

1 1
E=n+R(nmp), R= grln?’ + 1o + r3ni” + §r4173-

Differentiating again and substituting as before yields

§=(a+iB)¢
+ %(m 4 2r1(a +i6))E3 + (fg + 2r)E%E

+ (ng + 2r3(a +iB3))EE% + %(m + 2ra(a + 4iB))€° + O(I¢]*)

Now choose
1 1 1

“2a+if) " T T 20a+ip) T T 2(a+dip) ™
and leave ro = 0. This yields

r o= (129)

§ = (a+iB)E+ (v +i6)IE[E + O(l¢]Y),

where v + 10 = ng = ny + (o + if)az. This completes the proof.

Page 25



