AM 10 Prof. Daniele Venturi

Lecture 6: Vector spaces

Vector spaces are sets in which we define an addition operation and a multiplication by a scalar
satisfying certain number of properties. Let us first give a formal definition of vector space and
then provide a few examples. Consider a nonempty set V' in which define an addition operation
“+” satisfying the following properties!:

Vu,veV (u+v) eV (V' is closed under the addition operation)

Vu,oeVut+v=v+u

(addition is commutative)

Vu,v,w eV (u+v)+w=u+w+w)eV
40y € V such that u + 0y =u Yu eV

(addition is associative)

(additive neutral)

SAREE R

Yu € V, dv € V such that u+ v = 0y

(opposite element)

We also define the multiplication operation between an element of the set V' and an element of a
field K (e.g., R or C) with the following properties:

awv €V Yae K, YveV
(a+bv=av+bv Va,be K, YveV
a(v+tw)=av+aw VaeK, YoweV
(ab)v = a(bv) Va,be K, YveV
lv=v 1eK,YveV

A

Definition (Vector space). A nonempty set V in which we define an addition operation and a
multiplication operation satisfying the properties listed above is called vector space over K.

Let us provide a few examples of vector spaces over the real or complex numbers.

e The space R™ (n-tuples of real numbers) with the addition operation defined as u + v =
(g, .oy up)+(v1, .. 0,) = (ug+vy, ..., up+0y,) i a vector space over R. The neutral element
with respect to the addition operation is Og» = (0,0,...,0). Here is a simple visualization of
a vector u in the vector spaces R? and R3.
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LA set V satisfying properties 1 to 5 is called “Abelian group”.
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o V = M,x,(R), ie., the set of real m x n matrices with the addition operation we defined
in Lecture 4, is a vector space over R. The neutral element with respect to the addition
operation is

00 -0
OMpsens = |71 7o (zero matrix). (1)
00 -0
o V= M,n(C) is a vector space over C and over R.

o V =P, (R), i.e., the space of polynomials of degree n with real coefficients, is a vector space
over R. An element of P, (R) is

p(z) = ap+ a1z + - + apa”, a; € R, weR. 2)

The addition operation between two polynomials, say p(z) = a9 + a1z + -+ + a,z"™ and
q(z) = by + byx + - - - + b,x™, is defined as

p(z) + q(x) = (ag + bo) + (@ + by)x + - - - + (ay, + by)z", aj,b; e R, zeR. (3)
The neutral element with respect to the addition operation is the zero polynomial p(z) = 0.

e V = CW(R) (space of real-valued continuously differentiable functions defined on the real
line) is a vector space over R. An element of CM(R) is, e.g., v(x) = e * sin(z). The neutral
element with respect to the addition operation is the zero function v(x) = 0.

e Then space of linear transformations between two vector spaces V and W is a vector space
over R. The elements of such vector space are linear maps £ : V — W.

Vector subspace. Let V' be a vector space over a field K. We say that W C V' is a vector subspace
of V if

1. 0y e W
2. u,veW = (utv)eW
3.cueW NueW, Vee K

Clearly, a vector subspace is itself a vector space. Note that the only condition we need for W C V
to be a vector subspace of V' is that it is closed under addition and multiplication.

Example 1: A line passing through the origin of a Cartesian coordinate system is a vector subspace
of R%. In fact, such line is defined by the set of points (z1,75) € R? satisfying the equation
a1x1 + agxe = 0 (for some ay,ay € R). As we shall see hereafter, the set

W = {(z1,22) € R?* : ayz; + aszy = 0}, (4)
which represents the line, can be equivalently written as (assuming as # 0)
W={ueR®: u=z(l,—a1/as), z€R}. (5)

Clearly, W is a vector subspace of R%. In fact, 1) the zero of R? is in W (the line passes through
the origin); 2) a rescaling of a vector u on the line W is either zero or a vector that is still on the
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line; 3) the addition of two vectors w and v on the line is either zero or it is a vector that sits on
the same line.

Xq

/

Example 2: A plane passing through the origin of a three-dimensional Cartesian coordinate system
is a vector subspace of R?. Such plane can be defined as

W = {(x1, x5, 23) € R3 : a1xy + agxs + asxs =0 ai, as, az € R}. (6)

Clearly, W is a vector subspace of R®. In fact, 1) the zero of R? is in T (the plane passes through
the origin); 2) a rescaling of a vector u on the plane is either zero or a vector that is still on the
plane; 3) the addition of two vectors on the plane is either zero or a vector on the plane.

w ’

Ezxample 3: The space of continuously differentiable functions is a vector subspace of the space of
continuous functions. In fact: 1) the addition between two differentiable functions f(z) and g(z) is
a differentiable function f(z) + g(x); 2) multiplication of a differentiable function f(z) by a scalar
c is a differentiable function cf(x).

Ezample 4: The space 3 x 3 symmetric matrices is a vector subspace of Msy3(R). In fact, if A and
B are symmetric then: 1) A+ B is symmetric, 2) the zero matrix 0y, , is symmetric, and 3) cA is
symmetric for all ¢ € R.
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Ezample 5: The space of polynomials of degree at most 3, i.e., P3(R), is a vector subspace of the
space of polynomials of degree at most 8, i.e., Pg(R).

Linear combination. Let V be a vector space over K. A linear combination of vy,...,v, € V is
an expression of the form
T1U] + -+ T Uy, (7)
We say that the set of vectors vy, ..., v, € V generates V if for every v € V there exist n numbers
Z1,...,%, € K such that
V=201 F - Ty (8)
Ezample 1: The vectors
(e (170)7 (e (17 1)7 (9)
generate R2.
Ezrample 2: The matrices
2 0 10 0 1 01
U1 = |:O O:| ) Vg = |:1 0:| ; Vg = |:1 0:| ) Vg = |:1 1:| ) (10)
generate the space of 2 x 2 matrices with real coefficients Msyo(R). Similarly, the matrices
10 0 0 0 1
U1 = |:0 O:| ) Vg = |:O 1:| ) U3 = |:1 0:| (1]‘)

generate the space of 2 x 2 symmetric matrices.

Example 3: The polynomials

pi(z) =1, po(x) =2 ps(z) =a® (12)

generate the vector space of polynomials of degree at most 2.

Definition. Let V' be a vector space over K. The space generated by vy,...,v, € V is called span
of vy,...,v, and denoted by span{vy,...,v,}.

Theorem 1. Let V be a vector space over K. The span of an arbitrary number of vectors vy, ..., v, €
V' is a vector subspace of V.

Proof. Let vy, ..., v, be vectors in V. Consider the space generated by v1,...,v,, i.e.,
W =span{vy,...,v,} ={v eV iv=av,+ -+ 2,0, x €K} (13)
and pick two elements in W
u =101 + - + TpUyp, U =101+ YUy (14)
Clearly, Oy € Q, (u+v) € W, and cu € W (for all ¢ € K).
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By using the last theorem we immediately see why lines and planes are vector subspaces of R3. In
fact, a line is a vector subspace generated by a nonzero vector u € R3. Specifically, consider the
line (w1, —3x1,2x,) (for all z; € R). This line is generated by the vector u = (1, —3,2). Similarly,
the plane x1 + x5 — 2x3 = 0 is generated, e.g., by the two vectors v; = (1,1,1) and v = (2,0,1). In
fact, any element on the plane can be expressed as a linear combination of v; and wvs.

Linear independence. Let V' be a vector space over K, vy,...,v, € V. We say that n vectors
vy, ..., 0, are linearly independent if
T+t xn, =0y = x,...,7,=0 (15)

Ezample 1: The following vectors of R?

1 1
v = L} y U2 = {_1] (16)
are linearly independent. In fact,

. 1 1 T1 . 0 T = 0
101 + Tovg = Op2 & |:1 _11 |:$2:| = |;;| 4 {ng _0 (17)

Ezample 2: The following two vectors of R?
1 1
V1 = 1 5 Vo = 2 (18)
2 3
are linearly independent. In fact,

11 . 0
T101 + Tovy = Op2 ~ 1 2 |:ZL’1:| = (0] . (19)
2 3| L7 0
Let us compute the reduced row echelon form of the augmented matrix
1 110 1 0]0
1 210 = 0 1(0]. (20)
2 310 0 00

Hence, the system is consistent (see the last row), i.e., it has a solution. Moreover, the solution is
unique and given by z; = x5 = 0.
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Example 3: The following 2 x 2 matrices

By ol el

are linearly dependent. In fact,

. 1’1+ZE2+25L‘3 $1+£L‘2+2I3 . 0 0
A+ oB+ 20 =00 & [m 4y + 315 3w+ T2 + 4x3] - {0 0] (22)
which yields the system
£E1+3172+2[L'3:0 Ty = —XT3
201 + 29+ 323 =0 54 To = —T3 (23)
321 +x9+423=0 T3 free
Therefore the condition 214 4+ x2B 4 23C = 0y, implies that
13A + 138 = 23C Vrs € R (24)

and therefore the matrices A, B and C are linearly dependent.

Basis of a vector space. Let V be a vector space over K. A basis of V is a set of linearly
independent vectors in V' that generate V.

=[] o[

are a basis for the vector space R?. In fact, they are linearly independent and they generate R2.
To show that they generate R? we need to show that every vector u € R? can be represented as a
linear combination of v; and v,. In other words, given u € R? we need to show that there exist x;
and x4 such that

Ezxample: The vectors

T1V] + ToUy = . (26)

This is equivalent to show that the following linear system of equations has a unique solution

et R il &

which is obvious since the matrix of coefficients is invertible.

Definition (Coordinates relative to a basis). Let V be a vector space over K, vy,...,v, € V a basis
for V, and v € V. The numbers z1,...,x, such that v = x v, + - - -+ x,v, are called coordinates of
v relative vy, ..., vU,.

Theorem 2. The coordinates of an arbitrary vector v in a vector space V' are uniquely determined
by the basis.

Page 6



AM 10 Prof. Daniele Venturi

Proof. Let vy, ..., v, be a basis for V. Suppose that for some v € V there are two set of coordinates
{z;} and {y;} such that

V=201 4+ TV = 01+ Yptn = (1 —y)vr+ o+ (T — Yn) v = Oy (28)

This implies that x; = y; since the vectors vy,...,v, are linearly independent.
O
Ezxample: The coordinates of v = g] relative to v; = E and v = {_91 O] can be computed by
solving the linear system of equations ]
T10] + Ty =V = B _910 {ij = E} (29)

Ezample: Find the coordinates of p(z) = x® + z + 1 relative to the following basis of P3(R)

po(x) =5, m(z) ==z, pa(r) = 2% + 1, p3(x) = 2° — 2°. (30)

Let o, ..., ys be the coordinates of p(x) relative to {po(x),...,ps(x)}. We have,
yopo(x) + -+ ysps(z) = 2° + o + 1. (31)
Developing the products we find
yst’ + (2 —ys)2* + rx + (5yo +92) = 2° + 2 + 1, (32)

Which yields the linear system

yz =1 yz =1
—ya=0 =1
Y2 — Y3 N Y2 (33)
h=-1 h=-1
Yo +y2 =1 Yo =0

Example: The coordinates of the symmetric matrix
-2 3
=38 (34)

relative to the basis vy, vy and v3 defined in Eqs. (11) are zy = —2, 25 = 4 and x3 = 3.
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Dimension of a vector space. The dimension of a vector space V is the number of linearly
independent vectors required to generate V', i.e., the number of elements in any basis of V. We
denote the dimension of V' as dim(V'). We have, for example,

o dim (Max2(R)) = 4,
e dim (R?) = 3,

e dim (P4(R)) = 5,

o dim (CO(R)) = 0o

It is easy to show that if vq,...,v, is a basis of V and wy,...,w,, are m > n vectors of V' then
wy, . .., W, are necessarily linear dependent. This means that number of vectors in every basis of
V' is that minimum one that is needed to generate V. To show this, we let us write each vector w;
in terms of the basis

Wy = L1101 + -+ T1pUp

(35)
W, = Tmp1V1 + -+ ° + TynUp,
Now, suppose that wq, ..., w,, are linearly independent, i.e.,
Oy =y1wy + -+ YWy = Y1yes Ym = 0. (36)

By substituting (35) into (36) we obtain,
Oy = 1w+ YW = (1Z11 + ** + YmZm1)01 + -+ (W1Z10 + YT Vs (37)
which implies that
Y1711+ YT = 0
: (38)
Y1%in + + YmTn = 0

This is a homogeneous linear system of n < m equation in m unknowns (yi, ..., ¥m,). which always
admits a nontrivial (i.e., nonzero) solution. Hence, yi, ...,y cannot be all zero, and therefore
wy, ..., Wy, are necessarily linearly dependent.

We conclude this section by emphasizing that a set of p linearly independent vectors in a vector
space V' of dimension n > p can be always complemented with additional linearly independent
vectors to become a basis of V.

The rank of a matrix. Consider the following m x n matrix

aipy - Qin
A= | : Col (39)
Am1 - Gmn
The columns of A generate a vector space called column space of A. Similarly, the rows of A generate
a vector space called row space of A
ai a2 A1n
Column space of A: span = I N P . (40)

Am1 Am2 Amn
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Row space of A: span = {[aH e aln} , [agl e agn] e [aml . amn] } ) (41)
Note that the column space of A is a vector subspace of R™, while the row space of A is a vector

subspace of R™.

The dimension of the column space is called column rank, while the dimension of the row space
is called row rank. Both ranks can be computed by reducing the matrix to an echelon form using
elementary row or column operations, i.e.,

1. Adding a scalar multiple of one row (column) to another row (column);

2. Interchange rows (columns),

3. Multiplying one row (column) by a non-zero number.
Theorem 3. Elementary row or column operations do not change the row rank nor the column
rank of a matrix?.

This statement follows immediately by noting that linear taking linear combinations of a fixed
number of vectors does not change the dimension of the span of such vectors. Moreover, taking
permutations of the entries of a set of vectors in the same way for all vectors does not alter linear
independence.

By performing both rows and column operations it is possible to transform any m x n matrix into
the following canonical form (block matrix)

A — I, 0er<n77-)) : (42)
OM(mf'r)X'r OM(mfr)X(nf'r)

where I, is a r X r identity matrix, and all other matrices are zero matrices.

This means that the dimension of the row space of a matrix is always the same as the dimension of
the column space. Phrasing this differently:

Theorem 4. The row rank of a matrix is always the same as the column rank.

Hence, we can omit “row” or “column” and just speak of the rank of a matrixz. Clearly, for an m xn
matrix the rank r is always smaller or equal than the minimum between the number of rows m and
the number of columns n, i.e.,

r < min{m,n}. (43)

Ezxample 1: By using elementary row and column operations reduce the matrix

11 2 -1

210 1 (44)
014 -1

N O =

2Note that elementary column operations can change the solution to a linear system of equations. In fact, if we
perform Gauss elimination along a row we are essentially eliminating the coefficient multiplying, say, xj; using the
coefficient of the variable x;. Clearly, this changes the solution of the linear system.
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to the canonical form (

1 1 1 2 1 1 2 -1 1 0 0 0 0
0210 fofaz2l o201 0 1| 222% 00 2 1 0 1] (45)
2.0 1 4 0 -2 -1 0 1] @92 19 2 -1 0 1
. 10000 o~0010000 090/210000
ooty o2 10 1] 292200 010 0f —7%10 100 0| (46)
00002 ™ oooo0z2 =% loo100
Hence, the rank of the matrix (44) is r = 3.
Ezxample 2: Find the rank of the matrix
1 3 4
A=|11 -1 (47)
2 6 0
A is row equivalent to the following matrix®
1 3 4
A=10 -2 -5 (48)
0 0 -8
Clearly, the columns of this matrix are linearly independent and therefore the rank is 3.
Example: The rank of the following matrices is equal to 2
11 1 2 1 1112 -1 (1) ;
A:{OJ,BZO01,0:0210—1,1):20 (49)
-1 -2 0 2 01 4 -1 11

3Recall that elementary row or column operations do not change the rank of a matrix.
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